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Devwudfw
Zh ghyhors d prudo kd}dug prgho zlwk dxglwlqj zkhuh erwk wkh sulqflsdo dqg wkh djhqw fdq lq xhqfh
wkh suredelolw| wkdw wkh wuxh vwdwh ri qdwxuh lv yhul￿hg1 Wklv vhwwlqj lv zlgho| dssolfdeoh iru vlwxdwlrqv
zkhuh iudxgxohqw uhsruwlqj zlwk frvwo| vwdwh yhul￿fdwlrq wdnhv sodfh1 Krzhyhu/ zh xvh wkh iudphzrun wr
lqyhvwljdwh wd{ hydvlrq1 Zh prgho wd{ hydvlrq dv d frqfhdophqw0ghwhfwlrq frqwhvw ehwzhhq wkh wd{sd|hu dqg
wkh dxwkrulw|1 Zh vkrz wkdw kljkhu wd{ udwhv fdxvh pruh hydvlrq dqg lqfuhdvh wkh uhvrxufhv zdvwhg lq wkh
frqwhvw1 Dgglwlrqdoo|/ zh ￿qg frqglwlrqv xqghu zklfk d jryhuqphqw vkrxog hqirufh lqfhqwlyh frpsdwleoh
dxglwlqj lq rughu wr uhgxfh zdvwhg uhvrxufhv1
MHO0Fodvvl￿fdwlrq= K59/ G;5/ N75
Nh|zrugv= Wd{ Hydvlrq/ Dxglwlqj Uxohv/ Frqwhvw/ Prudo Kd}dug
WL*p yhu| wkdqnixo iru khosixo frpphqwv dqg vxjjhvwlrqv iurp Iudqn Frzhoo/ Pdujduhw Eud|/ Mrqdwkdq Ohdsh/ Wkrpdv Exhwwqhu
dqg wkh sduwlflsdqwv ri ydulrxv vhplqduv dw OVH/ ri wkh HGS Mdperuhh Orxydlq/ dqg wkh VP\H 5334 lq Frshqkdjhq1
_Dghodlgh Xqlyhuvlw|/ Vfkrro ri Hfrqrplfv/ Qruwk Whuudfh/ Dghodlgh/ VD 8338/ Dxvwudold1 Skrqh=.94+3,;0;63608:89 Id{=
.94+3,;0;556047931 Hpdlo= udosk1ed|huCdghodlgh1hgx1dx1
44 Lqwurgxfwlrq
Wkh sxusrvh ri wklv sdshu lv wr ghyhors d prudo kd}dug prgho zlwk dxglwlqj zkhuh erwk wkh sulqflsdo dqg wkh
djhqw fdq lq xhqfh wkh suredelolw| wkdw wkh wuxh vwdwh ri qdwxuh lv yhul￿hg1 Zh gr qrw doorz wkh sulqflsdo wr
frpplw wr dq dxglw vwudwhj| ehiruh revhuylqj wkh vljqdo iurp wkh djhqw1 Vxfk d vhwwlqj lv zlgho| dssolfdeoh wr
vlwxdwlrqv ri iudxg1 Iudxgxohqw fodlpv iru ehqh￿wv/ lqvxudqfh sd|phqwv/ ru ordqv duh h{dpsohv1 Lw hyhq frxog
eh dssolhg wr wkh eurdg udqjh ri vlwxdwlrqv zkhuh elodwhudo wudgh ri jrrgv wdnhv sodfh1 Zkhqhyhu lw lv kdug dqg
h{shqvlyh wr yhuli| wkh ydoxh ri d jrrg iru d srwhqwldo ex|hu +dqwltxhv/ sdlqwlqjv,/ zkloh wkh vhoohu kdv sulydwh
lqirupdwlrq derxw wklv ydoxh/ vxfk d prudo0kd}dug vlwxdwlrq pd| dulvh1 Krzhyhu/ wkh dssolfdwlrq zh fkrrvh lv
wkh fdvh ri wd{ hydvlrq1 Wklv zloo hqdeoh xv wr gudz frqfoxvlrqv derxw wkh lpsdfw ri wd{ udwhv rq wd{ hydvlrq
dqg wkh uhvrxufhv zdvwhg e| wkh djhqwv* dwwhpswv wr lq xhqfh wkh ghwhfwlrq suredelolw|1
Wkh hduo| qhrfodvvlfdo dssurdfk wr lqfrph wd{ hydvlrq +h1j1 Doolqjkdp dqg Vdqgpr/ 4<:5> \lw}kdnl/ 4<:7,
wuhdwv wkh ghwhfwlrq suredelolw| dv dq h{rjhqrxv sdudphwhu14 Lq odwhu frqwulexwlrqv wkh dxglw suredelolw| zdv
hqgrjhql}hg lq wzr gl￿huhqw zd|v1 Uhlqjdqxp dqg Zlogh +4<;8, ghulyh dq rswlpdo dxglw uxoh xqghu wkh dvvxps0
wlrq wkdw wkh dxwkrulw| kdv wr lqyhvw lq wkh dxglw suredelolw|15 Lq d qhrfodvvlfdo rswlpdo wd{dwlrq iudphzrun
Fuhphu dqg Jdkydul +4<<7, doorz iru wkh wd{sd|hu wr lq xhqfh wkh dxglw suredelolw| e| vshqglqj vrph uhvrxufhv
rq fryhulqj dfwlrqv1 Lq wklv sdshu/ zh h{solflwo| prgho erwk/ wkh wd{ dxwkrulw| lqyhvwlqj lq ghwhfwlrq dqg wkh
wd{sd|hu vshqglqj vrph lqfrph wr fryhu klv hydvlrq dfwlylw|1 Wkh ghwhfwlrq suredelolw| lv ghwhuplqhg e| wkh
h￿ruw h{huwhg e| erwk sduwlhv1 Zh eholhyh wkdw iru pdq| frxqwulhv wkh uhodwlrqvkls ehwzhhq wd{sd|hu dqg wd{
dxwkrulw| lv txlwh frpshwlwlyh/ dqg dffruglqjo| lv dffxudwho| ghvfulehg e| vxfk d frqwhvw1
Ixuwkhupruh/ lq wkh uhdo zruog zh revhuyh wkdw gl￿huhqw vrxufhv ri lqfrph ohdg wr gl￿huhqw hydvlrq dqg
frqfhdophqw rssruwxqlwlhv16 Zh lqfoxgh wklv idfw lq rxu prgho e| mxvw irfxvlqj rq vlqjoh frpsrqhqwv ri lqfrph
zlwk gl￿huhqw pdujlqdo fryhudjh dqg ￿{hg hydvlrq frvwv1 Vr zh hqg xs zlwk vhsdudwh hydvlrq/ fryhudjh dqg
ghwhfwlrq ghflvlrqv iru gl￿huhqw srvvleoh lqfrph frpsrqhqwv1 Wkh vxp ri doo wkhvh ghflvlrqv ghwhuplqhv wkh ryhu
doo lqfrph diwhu wd{ 0 lqfoxglqj srvvleoh ￿qhv17 Zh wklqn wkdw wklv dssurdfk/ wkdw doorzv iru lqfrph vwuxfwxuhv
zlwk glvwlqfw lqfrph sduwv/ lv pruh uhdolvwlf wkdq wkh zlgho| xvhg iudphzrun zkhuh wkh djjuhjdwh lqfrph lv
frqvlghuhg wr eh krprjhqrxv dqg hydvlrq ghflvlrqv duh prghoohg dv frqwlqxrxv fkrlfhv1 Wklv dssurdfk lv
uhodwhg wr Pdfkr0Vwdgohu dqg Shuh}0Fdvwuloor +4<<:,1 Wkhuh wd{sd|huv duh khwhurjhqhrxv lq lqfrph dqg lqfrph
vrxufhv duh khwhurjhqhrxv lq wkh +h{rjhqrxv, suredelolw| ri yhul￿fdwlrq li dq dxglw wdnhv sodfh1 Zh hqgrjhql}h
wkh yhul￿fdwlrq suredelolw| e| lqwurgxflqj d frqwhvw1 Ixuwkhupruh/ zh devwdlq iurp wkh dvvxpswlrq wkdw wkh
wd{ dxwkrulw| fdq frpplw wr dq dxglw vwudwhj|1 Wklv uh hfwv rxu dlp/ udwkhu wr dqdo|vh wkh lqwhudfwlrq ehwzhhq
wd{ dxwkrulw| dqg wd{sd|hu srvlwlyho|/ wkdq wr fkdudfwhul}h dq rswlpdo frpplwwdeoh dxglw/ shqdow|/ dqg wd{
4Iru d ghwdlohg vxuyh| dqg pdq| h{whqvlrqv wr wkh edvlf qhrfodvvlfdo prgho vhh Frzhoo +4<<3,1
5Iru d pruh jhqhudo fkdudfwhulvdwlrq ri rswlpdo hqirufhphqw vfkhphv vhh Fkdqghu dqg Zlogh +4<<;,1
6Wkh Wd{sd|hu Frpsoldqfh Phdvxuhphqw Surjudp ri wkh X1V1 +LUV/ 4<;6, h1j1 hvwlpdwhv iru 4<;4 wkdw wd{ frpsoldqfh iru zdjhv
dqg vdodulhv zdv <61<(/ 8<17( iru fdslwdo jdlqv/ dqg rqo| 6:15( iru uhqwv1
7E| uhvwulfwlqj rxu dqdo|vlv wr xqfruuhodwhg hduqlqjv suredelolwlhv/ d olqhdu wd{ v|vwhp/ dqg d shqdow| wkdw grhv qrw ghshqghqg
rq wkh ryhu0doo lqfrph/ zh fdq wuhdw wkhvh ghflvlrqv dv lqghshqghqw1
5vwuxfwxuh1 Zh wklqn wkdw wkh qrupdwlyh dssurdfkhv lq wkh odwwhu wudglwlrq vx￿hu wkh sureohp wkdw pd{lpl}lqj
vrfldo zhoiduh rqo| zlwk uhvshfw wr wd{ hydvlrq grhv qrw wdnh lqwr dffrxqw wkdw wd{ udwhv dqg ￿qhv pd| kdyh pruh
lq xhqfh rq zhoiduh wkurxjk rwkhu fkdqqhov1 Wkh uhvxowv ri wkrvh prghov pd| eh plvohdglqj iru wklv uhdvrq1
Zh h{dplqh wkh htxloleulxp suhglfwlrqv ri wkh prgho dqg ￿qg frqglwlrqv wkh sdudphwhuv kdyh wr vdwlvi| lq
rughu wkdw fhuwdlq htxloleuld duh rewdlqhg +vxfk dv h1j1 _frqwhvw￿ ru _krqhvw wd{sd|hu￿,1 Rxu pdlq ￿qglqj lv wkdw
lq wkh wd{ hydvlrq vhwwlqj zlwk lqfrpsohwh dqg lpshuihfw lqirupdwlrq qr fuhgleoh vwudwhj| iru wkh wd{ dxwkrulw|
h{lvwv wkdw suhyhqwv wd{ hydvlrq zlwk fhuwdlqw| li wkh wd{sd|hu kdv wkh rssruwxqlw| ri hydglqj18 Wklv ￿qglqj
gl￿huv iurp wkh vwdqgdug olwhudwxuh +vhh h1j1 Uhlqjdqxp dqg Zlogh +4<;8,/ Erughu dqg Vreho +4<;:,/ Prrnkhumhh
dqg Sqj +4<;<,/ Prrnkhumhh dqg Sqj +4<<3, ru Fkdqghu dqg Zlogh +4<<;,,/ zkhuh rswlpdo lqfhqwlyh0frpsdwleoh
hqirufhphqw vfkhphv duh ghulyhg1 Wkhuh wkh srvvlelolw| ri frpplwwlqj wr d fhuwdlq vwudwhj| lv wkh nh| iru wkh
qrqh{lvwhqfh ri hydvlrq1 Zh iroorz wkh qrq0frpplwphqw dvvxpswlrq/ zklfk zdv lqwurgxfhg lqwr wkh wd{ hydvlrq
olwhudwxuh e| Uhlqjdqxp dqg Zlogh +4<;9, dqg Judhw} hw do1 +4<;9,1 Rxu prgho vkduhv vrph fkdudfwhulvwlfv
zlwk Nkdolo +4<<:,/ zkr xvhv wkh sulfh0uhjxodwlrq vhwxs ri Edurq dqg P|huvrq +4<;5, dqg frpelqhv lw zlwk
surgxfwlrq0frvw dxglwlqj1 Zh wklqn wkdw wkh uhvxow lq rxu prgho 0 l1h1 wkh wd{sd|hu dozd|v hydghv dw ohdvw
zlwk d yhu| vpdoo suredelolw| li kh kdv wkh rssruwxqlw| wr gr vr 0 lv hpslulfdoo| pruh uhdolvwlf1 Lq dgglwlrq/
rxu prgho suhglfwv pruh wd{ hydvlrq li wd{ udwhv ulvh1 Wklv hpslulfdoo| hvwdeolvkhg idfw lv kdugo| h{sodlqdeoh
zlwk wkh wudglwlrqdo qhrfodvvlfdo prghov19 Lq wkh qrupdwlyh sduw ri wklv sdshu zh dqdo|vh wkh lpsdfw ri wd{
udwhv rq uhvrxufhv zdvwhixoo| lqyhvwhg lq ghwhfwlrq dqg frqfhdophqw1 Dgglwlrqdoo|/ zh h{dplqh wkh frqglwlrqv
wr eh vdwlv￿hg lq rughu wkdw d jryhuqphqw gluhfwlyh/ zklfk frpplwv wkh dxwkrulw| wr dq dxglw uxoh wkdw dozd|v
suhyhqwv wkh wd{sd|hu iurp fkhdwlqj/ uhgxfhv wkh uhvrxufhv zdvwhg lq wkh hqirufhphqw surfhvv1
Wkh uhpdlqghu ri wkh fkdswhu lv rujdql}hg dv iroorzv= Lq wkh qh{w vhfwlrq zh zloo glvfxvv wkh wlplqj ri wkh
jdph dqg rxu pdlq dvvxpswlrqv1 Wkhq zh ghyhors wkh edvlf vhwxs dqg dqdo|vh wkh lpsdfw ri wd{ udwhv rq
hydvlrq dqg zdvwhg uhvrxufhv1 Lq iroorzlqj vhfwlrq zh h{dplqh wkh frqglwlrqv dq h{whuqdo frpplwphqw ghylfh
vxfk dv d odz ru jryhuqphqw gluhfwlyh wkdw frpplwv wkh dxwkrulw| wr dq h￿ruw ohdglqj wr wuxwkixo uhyhodwlrq
kdv wr ixo￿o lq rughu wr uhgxfh wkh zdvwh1 Lq vhfwlrq 8 zh lqwurgxfh vrph h{whqvlrqv wr wkh edvlf prudo kd}dug
iudphzrun1 Wkhuh/ zh dw ￿uvw uhod{ wkh dvvxpswlrq ri d glfkrwrprxv lqfrph glvwulexwlrq/ wr ￿qdoo| doorz iru
frqwlqxrxvo| glvwulexwhg hydvlrq frvwv sulydwho| nqrzq wr wkh wd{sd|hu1 Zh frqfoxgh zlwk vrph uhpdunv rq wkh
srolf| lpsolfdwlrqv ri wkh suhvhqwhg prgho1
5 Wlplqj dqg edvlf dvvxpswlrqv
Lq wklv vhfwlrq zh ghyhors wkh vwuxfwxuh ri wkh prgho/ dqg eulh | glvfxvv wkh xqghuo|lqj dvvxpswlrqv1 Zh ehjlq
zlwk wkh wlplqj1
8Zh gh￿qh d srvlwlyh hydvlrq rssruwxqlw| dv d vlwxdwlrq zkhuh wkh ￿{hg hydvlrq frvwv duh qrw surklelwlyh1
9Iru d glvfxvvlrq vhh fkdswhu rqh1 D frqflvh ryhuylhz ryhu wkh orjlf ri gl￿huhqw jhqhudwlrqv ri wd{0hydvlrq prghov fdq eh irxqg
lq Iudq}rql +4<<<,1
6514 Wlplqj
Ehiruh zh frpphqw rq wkh uhdvrqv iru fkrrvlqj wkh suhvhqw vwuxfwxuh/ zh lqwurgxfh wkh wlplqj ri rxu prgho
dqg vrph qrwdwlrq1 Wkh vhtxhqfh ri hyhqwv lv dv iroorzv=
41 Qdwxuh ghwhuplqhv wkh dfwxdo lqfrph |d
l iru hyhu| srvvleoh lqfrph vrxufh l1
51 Wkh wd{sd|hu revhuyhv |d
l 1
61 Wkh wd{sd|hu ghfoduhv klv lqfrph gl 5 i3>|d
l j/ dqg fkrrvhv wkh h￿ruw hl 5 ^3>4, wr fryhu d srvvleoh hydvlrq
iru hyhu| srvvleoh lqfrph vrxufh l1
71 Wkh dxwkrulw| revhuyhv wkh ghfoduhg lqfrph gl iru hyhu| vrxufh l1 L wgrhv qrw revhuyh wkh wuxh lqfrph |d
l
dqg wkh frqfhdophqw h￿ruw hl h{huwhg e| wkh wd{sd|hu1
81 Wkh dxwkrulw| fkrrvhv d fhuwdlq yhul￿fdwlrq h￿ruw dl 5 ^3>4, iru hyhu| srvvleoh lqfrph vrxufh1
91 Qdwxuh ghflghv zkhwkhu d srvvleoh hydvlrq ru dyrlgdqfh lv yhul￿deoh ru qrw1 Wkh suredelolw| ri yhul￿delolw|
lv jlyhq e| sl+dl>hl, iru wkh gl￿huhqw srvvleoh lqfrph frpsrqhqwv1
:1 Wd{sd|hu dqg dxwkrulw| uhfhlyh wkhlu sd|0r￿v Xl dqg Ul/ uhvshfwlyho|1
Vlqfh zh duh qrw sulpdulo| lqwhuhvwhg lq wkh h￿hfwv ri wd{hv rq wkh lqfrph jhqhudwlrq ghflvlrq/ zh wuhdw lqfrph
dv hqgrjhqrxvo| ghwhuplqhg e| qdwxuh1 Ixuwkhupruh/ wkh lqgxfwlrq ri wkh lqfrph0jhqhudwlqj phfkdqlvp grhv
qrw ohdg wr dgglwlrqdo vwudwhjlf h￿hfwv1 Iru uhdvrqv ri fodulw| dqg vlpsolflw| zh suhihu qrw wr prgho wkhp1
515 Wkh edvlf dvvxpswlrqv
Khuh zh zloo h{sodlq wkh edvlf dvvxpswlrqv wr eh xvhg lq wkh pdlq sduw ri wklv fkdswhu1
D4 Ghfodudwlrq lv d elqdu| ghflvlrq iru wkh gl￿huhqw lqfrph vrxufhv/ l1h1 gl 5 i3>|d
l j1
Wklv dvvxpswlrq forvho| fruuhvsrqgv zlwk rxu xvdjh ri wkh whup ￿lqfrph￿ vrxufhv1 Lqfrph vrxufhv lq rxu
vhqvh duh vshfl￿f frpsrqhqwv ri srvvleoh lqfrph/ zklfk duh qrw glylvleoh lq whupv ri fhuwl￿fdwlrq1 Xvxdoo|/ wkh
wd{ dxwkrulwlhv 0 dw ohdvw lq v|vwhpv zlwk ghyhorshg wd{ froohfwlrq 0 dvn iru grfxphqwv surylqj wkh ydoxh ri
ghfoduhg lqfrph frpsrqhqwv1 Wkhvh duh h1j1 sd|phqw fhuwl￿fdwhv lvvxhg e| wkh hpsor|hu/ edqn fhuwl￿fdwhv iru
lqwhuhvw sd|phqwv ru frslhv ri eloov iru ghgxfwlrqv ri h{shqvhv1 Vr zh dvvxph wkdw lw lv rqo| srvvleoh wr ghfoduh
dqg fhuwli| d fhuwdlq lqfrph frpsrqhqw ru qrw wr ghfoduh lw dw doo1 Krzhyhu/ wklv dvvxpswlrq lv qrw fuxfldo dw
doo1 Lq wkh olqhdu iudphzrun zh xvh/ dq lqwhulru ghfodudwlrq ohyho lv qhyhu rswlpdo1 Wr h{foxgh wkh srvvlelolw| ri
lqwhulru ghfodudwlrq ohyhov iurp wkh ehjlqqlqj pdnhv wkh qrwdwlrq hdvlhu dqg suryhv frqyhqlhqw iru h{srvlwlrqdo
uhdvrqv1:
:Zh duh dzduh wkdw wkhuh duh lqfrph vrxufhv wkdw duh srruo| ghvfulehg e| wklv dvvxpswlrq +h1j1 wlsv lq uhvwdxudqwv,> exw zh
wklqn wkdw rxu dvvxpswlrq lq jhqhudo lv pruh dssursuldwh wkdq wr dvvxph ghfodudwlrqv wr eh frqwlqxrxv lq jhqhudo1 Wkh prgho
qdwxudoo| h{whqgv wr frqwlqxrxv lqfrph ghfodudwlrq li zh dvvxph frpprq nqrzohgjh derxw wkh idfw wkdw d vrxufh fdq eh ghfoduhg
frqwlqxrxvo|1







|l zlwk suredelolw| ￿l
3 zlwk suredelolw| 4 ￿ ￿l
D5 frqvlghudeo| vlpsol￿hv wkh dqdo|vlv dqg frxog lqghhg eh uhjdughg dv dq ryhuvlpsol￿fdwlrq1 Krzhyhu/ wkh
pdlq uhvxowv vwloo krog li zh uhod{ wklv dvvxpswlrq1 Wklv lv vkrzq lq vhfwlrq 8141
D6 Erwk wd{sd|hu dqg wd{ dxwkrulw| duh ulvn qhxwudo1 Wkh| pd{lpl}h h{shfwhg qhw lqfrph dqg qhw uhyhqxh/
uhvshfwlyho|1
Zh vkrzhg lq d uhodwhg sdshu +/ Ed|hu/ 5335, wkdw lw pljkw eh dq dssursuldwh dssur{lpdwlrq wr dvvxph d ulvn
qhxwudo wd{sd|hu li wkhuh duh wd{0hydvlrq frvwv1 Wr dvvxph d ulvn0qhxwudo wd{ dxwkrulw| lv d vwdqgdug dvvxpswlrq
lq wd{ hydvlrq jdphv +h1j1 Uhlqjdqxp dqg Zlogh/ 4<;8,1 Krzhyhu lw lv ohvv reylrxv zkdw wkh remhfwlyh ixqfwlrq
iru wkh wd{ dxwkrulw| vkrxog eh1 Wkhuh duh dowhuqdwlyh irupxodwlrqv wkdw vhhp uhdvrqdeoh1 Dvvxplqj wkdw
wkh dxwkrulw| pd{lplvhv qhw shqdowlhv lqvwhdg ri qhw uhyhqxh grhv qrw kdyh dq| txdolwdwlyh lq xhqfh rq rxu
uhvxowv1 Li wkh wd{ dxwkrulw| zhuh dvvxphg wr pd{lpl}h qhw uhfryhuhg uhyhqxh 0 dq dvvxpswlrq lqglfdwlqj wkdw
exuhdxfudwv fduh derxw wkhlu shufhswhg shuirupdqfh 0 zh zrxog rewdlq txdolwdwlyho| htxlydohqw uhvxowv1
D7 Wkh wd{ v|vwhp lv olqhdu +l1h1 W+g, @ w
Sq
l@4 gl, dqg wkh shqdow| lv sursruwlrqdo wr wkh dprxqw ri wd{hv
hydghg ru dyrlghg +l1h1 I+g>|d, @ i ￿ w
Sq
l@4+|d
l ￿ gl, zlwk i A 4,1
Wklv dvvxpswlrq vhuyhv wzr sxusrvhv1 Iluvwo|/ lw pdnhv wkh uhvxowv ri wklv fkdswhu frpsdudeoh wr prvw ri wkh
h{lvwlqj zrun rq wd{ hydvlrq/ vlqfh vxfk wd{ dqg shqdow| v|vwhpv duh zlgho| xvhg lq wkh olwhudwxuh1 Vhfrqgo|/
wklv dvvxpswlrq pdnhv vxuh wkdw zh fdq wuhdw wkh ryhudoo wd{ oldelolw| dqg srvvleoh shqdowlhv dv d vlpsoh vxp
ri rxwfrphv iru wkh vlqjoh lqfrph frpsrqhqwv1 Lq wklv vhwwlqj wkh fkrlfhv ri ghfoduhg lqfrph/ frqfhdophqw dqg
ghwhfwlrq h￿ruw duh lqghshqghqw iru wkh gl￿huhqw lqfrph vrxufhv1 Zh duh dzduh wkdw lq uhdo olih wkh ghflvlrq
zkhwkhu wr hydgh wkh lqfrph iurp h1j1 ohwwlqj d krxvh pljkw ghshqg rq wkh ghflvlrq ryhu wkh ghfodudwlrq ri
rwkhu lqfrph frpsrqhqwv1 Exw lq rxu rslqlrq/ lw lv zruwk qhjohfwlqj wkhvh vlgh h￿hfwv lq rughu wr vlpsoli| wkh
prgho lq vxfk d zd| wkdw wkh pdlq h￿hfwv fdq eh lghqwl￿hg1
D8 Wkh yhul￿fdwlrq suredelolw| sl lqfuhdvhv zlwk ghwhfwlrq h￿ruw dl dqg ghfuhdvhv zlwk frqfhdophqw h￿ruw hl1
Wkh pdujlqdo frvw ri lq xhqflqj wkh yhul￿fdwlrq suredelolw| lq wkh idyrxudeoh gluhfwlrq lqfuhdvhv zlwk wkh
h￿ruw1










D9 Wkh frqfhdophqw frvwv Fl dqg wkh ghwhfwlrq frvwv Dl duh olqhdu lq h￿ruw1
8Wkh pdujlqdo frqfhdophqw frvw pd| ghshqg rq vrph sdudphwhuv wkdw ghvfuleh wkh vshfl￿f hqylurqphqw iru
wkh frqfhdophqw ri wkdw lqfrph frpsrqhqw1 Edqnlqj v|vwhp/ odzv wr suhyhqw prqh| odxqghulqj/ dqg wkh ghjuhh
ri wudqvsduhqf| lq fdslwdo pdunhwv duh h{dpsohv1 Uhdolvwlfdoo|/ wkh pdujlqdo ghwhfwlrq frvw frxog ghshqg rq wkh
dprxqw ri lqfrph frqfhdohg/ vlqfh lw lv kdughu wr frqfhdo odujh dprxqwv ri prqh|1;
Fl+hl>￿, @ fl+￿, ￿ hl= +5,
Zlwkrxw orvv ri jhqhudolw| zh fdq qrupdol}h wkh pdujlqdo ghwhfwlrq frvw wr xqlw|1
Dl+dl, @ dl +6,
Wklv dvvxpswlrq uh hfwv wkh revhuydwlrq wkdw lw lv pruh frvwo| iru wkh wd{ hydghu wr klgh klv hydvlrq pruh
h￿hfwlyho|1 Kh zloo wdnh wkh fkhdshu phdvxuhv wr frqfhdo ehiruh xvlqj wkh pruh h{shqvlyh rqhv1 Rq wkh rwkhu
kdqg/ lw vhhpv uhdvrqdeoh wr dvvxph wkdw lw lv jhwwlqj pruh dqg pruh h{shqvlyh iru wkh dxwkrulw| wr dfklhyh dq
h{wud shufhqw ri ghwhfwlrq ru yhul￿fdwlrq suredelolw|/ ehfdxvh wd{ lqvshfwruv vkrxog ehjlq vhhnlqj zkhuh lw lv
hdvlhvw wr ￿qg hylghqfh1 Wkh rqo| surshuw| zh qhhg iru rxu pdlq uhvxowv/ lv wkdw wkh pdujlqdo frvwv ri lq xhqflqj
wkh suredelolw| lq lwv idyrxuhg gluhfwlrq duh lqfuhdvlqj1 Zh gr qrw doorz wkh frqfhdophqw frvw wr ghshqg gluhfwo|
rq wkh wd{ udwh1 Zh wklqn/ wklv lv d uhdolvwlf uhvwulfwlrq wkdw frqvlghudeo| vlpsol￿hv wkh dojheud1
D: Wd{ hydvlrq fdxvhv ￿{hg hydvlrq frvw Nl wr wkh hydghu1
Ilqdoo|/ zh doorz iru vrph hydvlrq frvwv Nl/ zklfk duh lqfxuuhg zkhqhyhu wkh wd{sd|hu wulhv wr hydgh dq
lqfrph frpsrqhqw1 Wklv uh hfwv wkh revhuydwlrq wkdw qrw rqo| frqfhdophqw/ exw dovr hydvlrq pd| eh frvwo|1
Vrphwlphv dq hydvlrq rssruwxqlw| kdv wr eh fuhdwhg lq rughu wr kdyh wkh srvvlelolw| wr hydgh1 Wkhuh duh h{shqvhv
wkdw gr qrw ydu| zlwk wkh ohyho ri frqfhdophqw1 Dqrwkhu sduw ri Nl duh wkh riwhq flwhg prudo frvwv ri hydvlrq1
Zh xvh wkhvh prudo frvw dv 0 dgplwwhgo|/ d vrphzkdw fuxgh 0 eodfn er{ yduldeoh wkdw ghvfulehv sv|fkrorjlfdo
gl￿huhqfhv ri wd{sd|huv +olnh hwklfv/ dwwlwxghv hwf1, ohdglqj wr gl￿huhqw hydvlrq ehkdylrxu lq lghqwlfdo vlwxdwlrqv1<
516 Wkh sd|0r￿v dqg vrph qrwdwlrq
Ohw xv qrz vshfli| wkh sd|r￿ ixqfwlrqv iru wkh wzr sod|huv1 Lw iroorzv iurp rxu dvvxpswlrqv wkdw wkh h{shfwhg
lqwhulp sd|r￿ 0 diwhu ghfodudwlrq dqg h￿ruwv duh ghwhuplqhg 0 iru wkh wd{sd|hu fdq eh zulwwhq dv












+fl ￿ hl . Nl,
zkhuh K lv wkh vhw ri doo l zlwk gl @ |d
l > zklfk lv wkh vhw ri wuxwkixoo| ghfoduhg lqfrph vrxufhv1 Wkh ￿uvw
vxp jlyhv wkh fhuwdlq diwhu0wd{ lqfrph iru doo lqfrph frpsrqhqwv wkdw duh ghfoduhg1 Wkh vhfrqg uhsuhvhqwv wkh
;Wr vlpsoli| wkh qrwdwlrq lq zkdw iroorzv zh zloo gurs wkh srvvleoh dujxphqwv ri wkh pdujlqdo frvw ixqfwlrq1
<Iru vrph h{shulphqwdo hylghqfh rq sv|fkrorjlfdo gl￿huhqfhv dv suhglfwruv iru hydvlrq ehkdylrxu vhh Ed|hu dqg Uhlfko +4<<:, ru
Dqghukxe hw do1 +5334,1
9lqfrph iru wkh xqghfoduhg lqfrph sduwv 0 h{shfwhg shqdowlhv lqfoxghg1 Wkh ￿qdo/ qhjdwlyh vxp frqwdlqv wkh
frqfhdophqw dqg hydvlrq frvw1
Iroorzlqj rxu dvvxpswlrq derxw wkh remhfwlyh ixqfwlrq ri wkh wd{ dxwkrulw| +D6,/ zh fdq zulwh wkh h{shfwhg
sd|r￿ ri wkh dxwkrulw| dv=












Ehfdxvh ri wkh olqhdu v|vwhp dqg wkh ulvn qhxwudolw| dvvxpswlrq zh lpphgldwho| vhh wkdw wkh pd{lpl}dwlrq iru
erwk remhfwlyh ixqfwlrqv lv slhfhzlvh143 Wklv ohdgv wr wkh iroorzlqj ohppd=
Ohppd 4 Wkh ghflvlrqv +ghfodudwlrq gl/ frqfhdophqw h￿ruw hl dqg ghwhfwlrq h￿ruw dl, iru lqfrph vrxufh l duh
lqghshqghqw ri wkh ghflvlrqv iru doo rwkhu lqfrph vrxufhv gm/ hm/ dqg dm zlwk m 9@ l1
Surri1 Reylrxv1
Ohppd 4 whoov xv wkdw zh fdq uhvwulfw rxuvhoyhv wr h{dplqlqj wkh ghflvlrqv iru d vlqjoh lqfrph frpsrqhqw1
Wr vlpsoli| rxu qrwdwlrq zh fdq gurs wkh lqglfhv iru wkh srwhqwldo lqfrph vrxufhv1
Lq rughu wr eh deoh wr lqwhusuhw wkh uhvxowv zh zloo ghulyh/ lw pljkw eh khosixo wr gh￿qh wkh udwlr ri pdujlqdo






D ixuwkhu gh￿qlwlrq wkdw zloo khos wkh lqwxlwlrq lv wr xvh wkh udwlr ri ￿{hg hydvlrq frvw wr wkh srvvleoh wd{ eloo
uhgxfwlrq lq wkh iroorzlqj zd| wr gh￿qh wkh hydvlrq rssruwxqlw| $=




Dq hydvlrq rssruwxqlw| $ ri 3 phdqv wkdw d wd{sd|hu kdv wr lqyhvw wkh vdph dprxqw ri prqh| +ru wlph/ qhuyhv/
dqg prudo whqvlrq/ uhvshfwlyho|, wr eh deoh wr hydgh dv wkh srvvleoh wd{ eloo uhgxfwlrq zrxog eh1 Pruh suhflvho|/
wkh hydvlrq rssruwxqlw| khuh lv d shufhqwdjh phdvxuh ri wkh srvvleoh wd{ eloo uhgxfwlrq qhw ri hydvlrq frvw1 Qrwh
wkdw wkh frqfhdophqw frvwv duh qrw lqfoxghg khuh 0 wkh| duh phdvxuhg e| ￿1
Lw uhpdlqv wr gh￿qh wkh dprxqw ri uhvrxufhv lqyhvwhg zdvwhixoo| lq wkh surfhvv ri ghfodudwlrq dqg dxglwlqj1
Wkh zdvwh lv gh￿qhg dv wkh vxp ri wkh frvwv iru hydvlrq/ fryhulqj dfwlrq/ dqg ghwhfwlrq dfwlylw|=
Z @ fh . d . !N> +;,
zkhuh ! lv dq lqglfdwru yduldeoh/ zklfk lv htxdo wr 4 li wkh lqfrph frpsrqhqw lv hduqhg dqg hydghg dqg 3
rwkhuzlvh1
43Iru wkh prudo kd}dug fdvh zkhuh wkh h{shfwhg sd|0r￿ ixqfwlrq ghshqgv rq eholhiv zh fhuwdlqo| qhhg dv zhoo wkh dvvxpswlrq
wkdw wkh gl￿huhqw vrxufhv duh xqfruuhodwhg1
44Qrwh/ wkdw # ghshqgv rq wkh vdph dujxphqwv dv S1
:6 Vljqdolqj zlwk klgghq dfwlrq
Zh frqfhqwudwh rq wkh jhqxlqh wd{ hydvlrq vlwxdwlrq/ zkhuh wkh dxwkrulw| fdq qhlwkhu revhuyh wkh wuxh lqfrph/
qru wkh frqfhdophqw h￿ruw1 Wklv pljkw eh wkh prvw iuhtxhqw vlwxdwlrq wkh wd{ dxwkrulw| idfhv zkhq uhfhlylqj
wd{ uhwxuq145 Wkh rqo| lqirupdwlrq wkh wd{ dxwkrulw| kdv lv wkh suredelolw| glvwulexwlrq ryhu wkh glvwlqfw lqfrph
sduwv1 Dv d vlpsoli|lqj dvvxpswlrq +vhh D5, zh dvvxphg d glfkrwrprxv glvwulexwlrq146 Frqvhtxhqwldoo|/ wkh
wd{ lqvshfwru nqrzv wkdw wkh wd{sd|hu kdv wkh lqfrph frpsrqhqw +zruwk dq dprxqw ri |, zlwk suredelolw| ￿1
Zlwk d suredelolw| ri 4 ￿ ￿ wkh lqfrph iurp wklv lqfrph vrxufh lv 31 Wklv lv frpprq nqrzohgjh1
Wkh vroxwlrq frqfhsw wkdw zloo eh dssolhg lv wkdw ri d Shuihfw Ed|hvldq Htxloleulxp +SEH,1 Wkh jdph wkh
dfwruv idfh fdq eh fodvvl￿hg dv d vljqdolqj jdph zlwk klgghq dfwlrq1 Lq rxu fdvh dq htxloleulxp frqvlvwv ri
wkuhh hohphqwv= d vwudwhj| iru wkh wd{sd|hu/ d vwudwhj| iru wkh dxwkrulw|/ dqg wkh dxwkrulw|*v eholhiv derxw wkh
wuxh lqfrph ri wkh wd{sd|hu1 Wkh vwudwhj| iru wkh wd{sd|hu vshfl￿hv d ghfodudwlrq +vljqdo, dqg d frqfhdophqw
h￿ruw +klgghq dfwlrq, frqglwlrqhg rq zkhwkhu kh hduqhg wkh lqfrph ru qrw1 Wkh vwudwhj| iru wkh dxwkrulw| lv
d ghwhfwlrq h￿ruw ghshqglqj rq wkh revhuyhg ghfodudwlrq1 Wkh dxwkrulw|*v eholhiv dvvljq suredelolwlhv wr wkh
lqfrph ri wkh wd{sd|hu1 Wkh| ghshqg rq wkh revhuyhg ghfodudwlrq dqg duh xsgdwhg e| xvlqj Ed|hv* Uxoh1 Lq
htxloleulxp wkh vwudwhjlhv pd{lplvh wkh dfwruv* sd|0r￿v jlyhq wkh eholhiv1 Wkh eholhiv kdyh wr eh frqvlvwhqw zlwk
wkh htxloleulxp vwudwhjlhv1
Xqolnh rwkhu prghov +h1j1 Fkdqghu dqg Zlogh/ 4<<;, lq rxu fdvh wkh uhyhodwlrq sulqflsoh grhv qrw krog1 Wkh
uhdvrq lv wzrirog1 Iluvwo|/ zh gr qrw doorz wkh dxwkrulw| wr frpplw ehiruhkdqg wr d fhuwdlq dfwlrq1 Exw hyhq li
zh doorzhg iru wkdw/ wkh uhyhodwlrq sulqflsoh zrxog idlo/ vlqfh vhfrqgo| wkh qdwxuh ri wkh frqwhvw uhvwulfwv wkh vhw
ri ihdvleoh frqwudfwv1 Zh zloo vhh wkh gl￿huhqfh ri rxwfrphv zkhq zh frpsduh dq h{whuqdoo| hqirufhg lqfhqwlyh
frpsdwleoh h￿ruw vfkhph wr wkh htxloleulxp lq rxu ruljlqdo jdph1
614 Htxloleuld iru gl￿huhqw sdudphwhu vhwwlqjv
Ohw xv ehjlq zlwk dq reylrxv vwdwhphqw derxw wkh wd{sd|hu*v ehkdylrxu1 Ghfodulqj dq| qrq0h{lvwhqw lqfrph
qhyhu sd|v1 Vr wkh vwudwhj| uhsruwlqj }hur li qr lqfrph lv hduqhg lv sduw ri dq| htxloleulxp1 Wkh fruuhvsrqglqj
frqfhdophqw h￿ruw lv dovr }hur1
g￿+|dm|d @ 3, @ 3 +<,
h￿+|dm|d @ 3, @ 3 +43,
Zkhq wkh wd{ dxwkrulw| kdv wr ghflgh krz pxfk wr lqyhvw lq ghwhfwlrq/ lwv rqo| lqirupdwlrq lv wkh ghfodudwlrq
ri wkh wd{sd|hu1 Lw pd| idfh d ghfodudwlrq ri g @ 3 ru g @ |1 Li dq lqfrph ghfodudwlrq ri | lv revhuyhg lw lv
rswlpdo iru wkh dxwkrulw| wr gr qrwklqj1 Wklv lv dovr sduw ri dq| htxloleulxp=
d￿+gmg @ |, @ 3 +44,
45D wuhdwphqw ri gl￿huhqw lqirupdwlrqdo vhwwlqjv/ zklfk ghvfuleh wkh fdvh ri wd{ dyrlgdqfh/ lv frqwdlqhg lq d orqjhu yhuvlrq ri
wklv sdshu dqg fdq eh rewdlqhg rq uhtxhvw iurp wkh dxwkru1
46Zh zloo uhod{ wklv dvvxpswlrq lq d odwhu vhfwlrq1
;Exw li wkh lqvshfwru uhsuhvhqwlqj wkh dxwkrulw| ￿qgv wkdw wkh wd{sd|hu ghfoduhg qr lqfrph/ kh pljkw qrw eh
vxuh zkhwkhu kh idfhv d wd{ hydghu ru mxvw d shuvrq zkr uhdoo| uhfhlyhg qr lqfrph iurp wkh vrxufh lq txhvwlrq1
Kh kdv wr irup vrph eholhiv1 Ghqrwh wkh eholhi wkdw kh idfhv d wd{ hydghu/ zklfk lv wkh vxemhfwlyh suredelolw|
wkdw wkh wuxh w|sh ri wkh wd{sd|hu lv | li kh uhsruwv 3/ dv ￿+|d @ |mg @ 3,1 Dsso|lqj Ed|hv* Uxoh wklv eholhi
vkrxog eh
￿+|d @ |mg @ 3, @
￿ ￿ ￿
￿ ￿ ￿ . 4 ￿ ￿
/ +45,
zkhuh ￿ lv wkh suredelolw| wkdw d wd{sd|hu zlwk srvlwlyh lqfrph grhv qrw ghfoduh lw147 Zh doorz wkh wd{sd|hu wr
sod| d pl{hg vwudwhj|148 Qrz zh fdq h{suhvv wkh remhfwlyh ixqfwlrq ri wkh dxwkrulw| li lw idfhv d ghfodudwlrq ri
3 dv wkh h{shfwhg ￿qh froohfwhg qhw ri ghwhfwlrq frvwv=
HU+d>h>￿>gmg @ 3, @ ￿ ￿ i ￿ w ￿ | ￿ s+d>h, ￿ d>
zkhuh ￿ lv wkh deeuhyldwhg irup ri okv lq +45,1
Lqyhvwlqj ydoxdeoh uhvrxufhv lq frqfhdophqw li wkhuh lv qrwklqj wr frqfhdo lv d vwulfwo| grplqdwhg vwudwhj| iru
wkh wd{sd|hu1 Vr zh kdyh
h￿+|dm|d @ | > gmg @ |, @ 31
Wdnlqj wklv lqwr dffrxqw dqg doorzlqj iru pl{lqj zh fdq vwdwh wkh uhohydqw h{ dqwh remhfwlyh ixqfwlrq iru wkh
wd{sd|hu xqghu wkh frqglwlrq wkdw kh hduqhg wkh lqfrph frpsrqhqw=
HX+h>d>|dm|d @ |, @ ￿+| ￿ s+h>d, ￿ i ￿ w ￿ | ￿ f ￿ h, . +4 ￿ ￿,+4 ￿ w,|
615 Sxuh vwudwhj| htxloleulxp
Ohw xv qrz orrn iru sxuh vwudwhj| htxloleuld1 Qrwh wkdw htxdwlrqv +<, wr +44, duh sduw ri dq| htxloleulxp1 Wr ￿qg
d sxuh vwudwhj| htxloleulxp zh ohw ￿ @ 4 +wkh wd{sd|hu dozd|v hydghv, ru ￿ @ 3 +wkh wd{sd|hu qhyhu hydghv,1 Iru
wkh fdvh ri d sxuh hydvlrq htxloleulxp zh soxj ￿ @ 4 lqwr erwk ri wkh remhfwlyh ixqfwlrqv dqg ￿qg wkh rswlpdo
ydoxhv iru d dqg h1 Wklv lv wr pdnh vxuh wkdw wkh eholhiv ri wkh dxwkrulw| duh frqvlvwhqw zlwk wkh vwudwhj| ri
wkh wd{ hydghu1 Odwhu rq/ zh kdyh wr fkhfn zkhwkhu 0 jlyhq wkh rxwfrph lq wkh vlpxowdqhrxv h￿ruw vwdjh 0 lw lv
uhdoo| rswlpdo iru wkh wd{sd|hu wr ghfoduh qr lqfrph li kh hduqhg lw1 Iru ￿ @ 4 0 dqg ￿ @ ￿ frqvhtxhqwo| 0 wkh
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d ￿ i ￿ w ￿ |
+d . h,
5 ￿ f ￿ 3 +47,
47Lpsolflwo| zh douhdg| dsso| wkh frqvlvwhqf| uhtxluhphqw wkdw wkh dxwkrulw| sxwv d }hur suredelolw| rq wkh wd{sd|hu ghfodulqj
vrph lqfrph li kh kdv qrw jrw lw +vhh htxdwlrq <,1
48Wr deeuhyldwh wkh qrwdwlrq zh zloo uhihu wr wklv eholhi dv >1
49Wkh vhfrqg rughu frqglwlrqv duh reylrxvo| ixo￿oohg1




5 ￿ i ￿ w ￿ ￿ ￿ |
+￿ . ￿,5 +48,
h￿
s @
￿ ￿ i ￿ w ￿ ￿5 ￿ |
+￿ . ￿,5 +49,
Wklv lv dq htxloleulxp zkhqhyhu=
HU+h￿
s>d￿
s>gmg @ 3, ￿ 3
HX+h￿
s>d￿
s>!, ￿ +4 ￿ w,|
Wkh ￿uvw frqglwlrq lv dozd|v ixo￿oohg14: Wkh vhfrqg rqo| krogv iru fhuwdlq sdudphwhu frq￿jxudwlrqv14; Wkh
uhtxluhphqwv rq wkh sdudphwhuv iru d sxuh vwudwhj| hydvlrq htxloleulxp wr h{lvw lv=
N ? w ￿ |
￿





/ zklfk vlpsol￿hv wr
$ ￿
￿ ￿ i+5￿ . ￿,
+￿ . ￿,5 +4:,
Wkh txhvwlrq lv qrz zkdw wkh htxloleulxp orrnv olnh li wkh hydvlrq rssruwxqlw| $ lv qrw kljk hqrxjk wr
hqvxuh dq hydvlrq htxloleulxp1 D qdwxudo fdqglgdwh vhhpv wr eh d sxuh qrq0hydvlrq htxloleulxp1 Exw lq idfw/
sxuh vwudwhj| qrq hydvlrq lv qrw qhfhvvdulo| dq htxloleulxp lq wklv fdvh1 Wkh dujxphqw jrhv dv iroorzv1 Ehlqj
krqhvw grplqdwhv hydvlrq li wkh dxwkrulw| h{huwv wkh ehvw0uhvsrqvh ohyho ri h￿ruw1 Lw lv d ehvw uhvsrqvh iru wkh
dxwkrulw| wr h{huw qr h￿ruw li lw eholhyhv wkh wd{sd|hu wr eh krqhvw zlwk fhuwdlqw| +￿ @ 3,1 Exw li wkh dxwkrulw|
lv h{huwlqj qr h￿ruw lw lv qrw d ehvw uhvsrqvh iru wkh wd{sd|hu wr eh krqhvw li wkh ￿{hg hydvlrq frvwv duh qrw
surklelwlyh1 Wkhq wkh eholhiv r￿ wkh htxloleulxp sdwk uhtxluhg iru wklv htxloleulxp zrxog qrw eh frqvlvwhqw1 Wkh
htxloleulxp zrxog uhtxluh ￿ A 3/ exw vlqfh ￿ vkrxog eh htxdo wr }hur e| xvlqj Ed|hv* uxoh/ ￿ vkrxog eh htxdo wr
}hur dv zhoo1 Wklv lv dq reylrxv frqwudglfwlrq1
Wkh frqglwlrq iru d sxuh vwudwhj| qrq0hydvlrq htxloleulxp wr h{lvw lv wkh wulyldo fdvh zkhuh hydvlrq lv d
grplqdwhg vwudwhj|1 Wklv lv wkh fdvh zkhqhyhu wkh ￿{hg hydvlrq frvwv N duh kljkhu wkdq wkh pd{lpdo jdlq iurp
hydvlrq w|1 Lq whupv ri wkh hydvlrq rssruwxqlw| zh kdyh d sxuh vwudwhj| qrq0hydvlrq htxloleulxp/ zkhqhyhu
$ ￿ 3= +4;,
616 K|eulg htxloleulxp
Iru doo wkh fdvhv zkhuh wkh hydvlrq rssruwxqlw| lv wrr orz iru d sxuh vwudwhj| hydvlrq htxloleulxp/ exw wrr kljk
iru sxuh vwudwhj| qrq hydvlrq/ zh fdq ￿qg d k|eulg htxloleulxp1 Wklv lv dq htxloleulxp zkhuh rqh w|sh +lq rxu
fdvh |d @ 3, sod|v d sxuh vwudwhj|/ zkloh wkh rwkhu w|sh +|d @ |, udqgrplvhv1 Wr ￿qg wklv htxloleulxp zh kdyh
wr ￿qg wkh hydvlrq suredelolw| ￿ wkdw |lhogv wkh vdph sd|r￿ lq htxloleulxp dv uhsruwlqj wuxwkixoo|1 Wr gr vr zh
4:.- lv htxdo wr s|+b￿*E# n b￿2 : f1
4;Qrwh wkdw ￿ djdlq lv wkh deeuhyldwlrq iru +@ ' +/ _ ' f1
43xvh wkh ￿uvw0rughu frqglwlrqv iru rswlpdo h￿ruwv dv ixqfwlrqv ri ￿1 Wkhq zh vroyh iru wkh ￿ wkdw jxdudqwhhv wkh
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5 ￿ f, ￿ 3
Vroylqj vlpxowdqhrxvo| iru wkh rswlpdo h￿ruw ghshqglqj rq ￿ ohdgv wr
d￿+￿, @
￿+￿,5 ￿ i ￿ w ￿ ￿
+￿ . ￿+￿,,5
h￿+￿, @
￿+￿, ￿ i ￿ w ￿ ￿5
+￿ . ￿+￿,,5
Htxdwlqj wkh uhvxowlqj h{shfwhg sd|r￿ HX +h￿+￿,>d￿+￿,>|, wr wkh krqhvw| sd|r￿ +4 ￿ w,| jlyhv wkh htxlole0








Wkh uhtxluhphqw wkdw wklv eholhi kdv wr eh frqvlvwhqw zlwk ehkdylrxu ohdgv xv wr wkh htxloleulxp suredelolw|
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Lqvhuw ￿jxuh rqh derxw khuh
Iljxuh 4 vkrzv wkh ghshqghqfh ri wkh htxloleulxp w|sh rq wkh lqfrph vrxufh sdudphwhuv1 Zh vhh wkdw iru
d orzhu hduqlqj suredelolw| ￿ wkh frqfhdophqw rssruwxqlw| ￿ iru hyhu| ￿qh ohyho i kdv wr eh orzhu wr ghwhu wkh
wd{sd|hu iurp dozd|v hydglqj1 Wkh lqwxlwlrq lv wkh iroorzlqj= D orzhu hduqlqj suredelolw| uhgxfhv wkh h{shfwhg
uhfryhudeoh lqfrph +lqfoxglqj ￿qhv, iru wkh dxwkrulw|1 Wkh wd{ dxwkrulw| uhgxfhv lwv ghwhfwlrq h￿ruw1 Nqrzlqj
wklv wkh wd{sd|hu uhdol}hv wkdw hydglqj zlwk fhuwdlqw| sd|v1 Qrwh wkdw wkh dxglwlqj r!fh nqrzv +dffruglqj wr
lwv htxloleulxp eholhiv, wkdw wkh wd{sd|hu zloo hydgh/ zkhqhyhu kh jrw wkh lqfrph= exw lw mxvw grhv qrw sd| wr
vwhs xs wkh h￿ruw/ ehfdxvh wkh suredelolw| ri idflqj d krqhvw wd{sd|hu/ zkr glg qrw hduq wkh lqfrph/ lv wrr
kljk1 Dovr lqwxlwlyh lv wkh uhvxow wkdw d kljkhu ￿{hg hydvlrq frvw N +@ orzhu hydvlrq rssruwxqlw| wr hydgh $,
fhwhulexv sdulexv uhtxluhv d kljkhu frqfhdophqw rssruwxqlw| iru d wd{sd|hu wr fkhdw zlwk fhuwdlqw|1
44Ohvv lqwxlwlyh/ krzhyhu/ lv rxu uhvxow wkdw wkh ghwhfwlrq h￿ruw lv ghwhuplqlvwlf1 Lq prghov zlwk frpplwphqw
dqg shuihfw dxglwlqj lw pd| eh rswlpdo iru wkh dxwkrulw| wr pl{ ehwzhhq dxglwlqj dqg grlqj qrwklqj +h1j1
Prrnkhumhh dqg Sqj/ 4<;<,1 Rq wkh ￿uvw vljkw/ wklv ihdwxuh vhhpv wr eh yhu| dsshdolqj/ ehfdxvh zh revhuyh
lq uhdolw| wkdw vlplodu wd{ ghfodudwlrqv pd| wuljjhu gl￿huhqw dxglwlqj ehkdylrxu1 Krzhyhu/ wkh vxshulrulw| ri
d udqgrp dxglw uxoh lv gulyhq e| wkh uhvwulfwlyh dvvxpswlrqv wkdw dxglwv duh shuihfw/ wkdw wkh dxwkrulw| fdq
frpplw wr dq dxglw vwudwhj|/ dqg wkdw wd{sd|huv duh ulvn0dyhuvh1 Wkh dxwkrulw| frpplwv ehiruhkdqg wr dq
dxglw suredelolw| wkdw lv mxvw kljk hqrxjk wr ghwhu hyhu| vlqjoh wd{sd|hu iurp hydvlrq1 Shuihfw dxglwlqj zlwkrxw
frpplwphqw/ grhv qrw fdxvh udqgrp dxglwv wr eh rswlpdo1
Lq rxu prgho/ zkhuh wkh ghwhfwlrq suredelolw| lv ghwhuplqhg e| wkh h￿ruwv lq d frqwhvw/ qrw hyhq doorzlqj iru
frpplwphqw zrxog fdxvh wkh dxwkrulw| wr pl{ ryhu gl￿huhqw ghwhfwlrq h￿ruwv +vhh vhfwlrq 7,1 Zh gr qrw eholhyh
wkdw wkh revhuyhg udqgrpqhvv lq dxglwlqj vwhpv iurp d vlwxdwlrq zkhuh wkh dxwkrulw| fdq frpplw wr shuihfw
dxglwv/ ehfdxvh wkdw zrxog phdq wkdw wkh dxwkrulw| zrxog nqrzlqjo| dxglw krqhvw wd{sd|huv14< Zh eholhyh
udwkhu wkdw wkh wd{ dxwkrulw| frqglwlrqv lwv dxglwv rq wkh eholhi ri idflqj d wd{ hydghu diwhu kdylqj uhfhlyhg d
wd{ ghfodudwlrq1 Li zh hqulfk rxu prgho e| dvvxplqj wkdw wkh dxwkrulw| kdv olplwhg dxglwlqj uhvrxufhv lw pljkw
ehfrph rswlpdo wr frqfhqwudwh uhvrxufhv udqgrpo| rq vlqjoh wd{sd|huv1 Lq rxu ylhz wklv uhdvrq iru udqgrp
dxglwv lv wkh pruh sodxvleoh1
Uhwxuqlqj wr rxu pdlq sxusrvh/ wr h{dplqh wkh h￿hfw ri wd{ udwhv rq wd{ hydvlrq dqg zdvwh/ zh fdq vwdwh
wkh iroorzlqj sursrvlwlrqv1
Sursrvlwlrq
Sursrvlwlrq 4 Lq wkh lpshuihfw dqg lqfrpsohwh lqirupdwlrq vfhqdulr d kljkhu wd{ udwh fhwhulexv sdulexv zhdno|
lqfuhdvhv wd{ hydvlrq iru d vshfl￿f lqfrph frpsrqhqw li wkhuh duh ￿{hg hydvlrq frvwv1
Surri1 Vhh dsshqgl{1
Sursrvlwlrq 5 Lq wkh lpshuihfw dqg lqfrpsohwh lqirupdwlrq vfhqdulr d kljkhu wd{ udwh fhwhulexv sdulexv zhdno|
lqfuhdvhv wkh zdvwhixoo| lqyhvwhg uhvrxufhv iru d vshfl￿f lqfrph frpsrqhqw li wkhuh duh ￿{hg hydvlrq frvwv153
Surri1 Vhh dsshqgl{1
Wkh lqwxlwlrq ehklqg wkhvh uhvxowv lv vwudljkwiruzdug1 D kljkhu wd{ udwh surylghv vwurqjhu lqfhqwlyhv iru wkh
wd{sd|hu wr hydgh e| lqfuhdvlqj wkh srvvleoh jdlq iurp wd{ hydvlrq1 Wklv h￿hfw lv vwuhqjwkhqhg e| wkh idfw wkdw
wkh hydvlrq rssruwxqlw| lqfuhdvhv zlwk wkh wd{ udwh/ vlqfh wkh udwlr ehwzhhq srvvleoh jdlqv dqg ￿{hg hydvlrq frvw
ehfrphv pruh idyrxudeoh1 Wkh wd{ dxwkrulw|/ dqwlflsdwlqj wkh vwurqjhu hydvlrq lqfhqwlyhv/ kdv dq lqfhqwlyh wr
h{huw pruh h￿ruw/ ehfdxvh wkh srwhqwldo uhyhqxh wr uhfryhu ulvhv zlwk kljkhu lqfhqwlyhv iru hydvlrq1 Wkh qdwxuh
ri wkh frqwhvw irufhv wkh wd{sd|hu wr udlvh klv frqfhdophqw h￿ruw/ dv zhoo/ wr nhhs wudfn zlwk wkh kljkhu ghwhfwlrq
h￿ruw ri wkh dxwkrulw|1 Wkhvh h￿hfwv ryhu doo ohdg wr pruh wd{ hydvlrq/ kljkhu h￿ruwv/ dqg frqvhtxhqwldoo| wr
pruh zdvwhixoo| lqyhvwhg uhvrxufhv1
4<Lq wkhvh prghov lq htxloleulxp doo wd{sd|huv duh krqhvw1
53Khuh wkh suhvhqfh ri hydvlrq frvw duh qrw qhfhvvdu|1 Zh devwdlq iurp vwuhqjwkhqlqj wkh sursrvlwlrq wr dyrlg wkh yhu| phvv|
surri1
45Lqvhuw ￿jxuh 5 derxw khuh
Iljxuh 5 vkrzv krz wkh hydvlrq suredelolw| iru d fhuwdlq lqfrph frpsrqhqw ghshqgv rq wkh wd{ udwh +gdvkhg
olqh,154 Iru orz wd{ udwhv wkh lqfrph lv uhsruwhg ehfdxvh wkh ￿{hg hydvlrq frvw duh surklelwlyh $ ? 31 Dv
wkh wd{ udwh ulvhv/ wkh wd{sd|hu +lq wkh k|eulg htxloleulxp, hydghv zlwk lqfuhdvlqj suredelolw|/ xqwlo lw sd|v wr
hydgh zlwk fhuwdlqw| li kh hduqhg wkh lqfrph frpsrqhqw +sxuh hydvlrq htxloleulxp,1 Wkh vrolg olqh ghslfwv wkh
h{shfwhg zdvwh lq shufhqw ri wkh h{shfwhg hduqhg lqfrph iru wkh vdph sdudphwhu frq￿jxudwlrq1
Lw lv dovr lqwhuhvwlqj wr lqyhvwljdwh wkh uroh ri ￿>zklfk lv wkh sulru suredelolw| wkdw d vshfl￿f lqfrph frpsrqhqw
lv hduqhg1 Wkh lq xhqfh ri wkh hduqlqjv suredelolw| frphv iurp lwv uhohydqfh iru wkh eholhiv wkh wd{ dxwkrulw|
pljkw kdyh/ zkhqhyhu lw revhuyhv d }hur ghfodudwlrq1 D yhu| orz hduqlqjv suredelolw| whoov wkh dxwkrulw| wkdw lw
lv yhu| xqolnho| wr idfh d wd{ hydghu diwhu d }hur ghfodudwlrq 0 hyhq li lw eholhyhv wkdw wkh wd{sd|hu hydghv zlwk
fhuwdlqw| li kh hduqv wkh lqfrph1 Nqrzlqj wklv/ wkh wd{ pdq zloo qrw h{huw d elj ghwhfwlrq h￿ruw1 Lq uhwxuq
lw lv olnho| wkdw iru wkh wd{sd|hu hydvlrq zloo sd|= vr kh hydghv zlwk fhuwdlqw|1 Zlwk dq lqfuhdvlqj hduqlqjv
suredelolw| wkh h{shfwhg uhfryhudeoh lqfrph iru wkh wd{ dxwkrulw| lqfuhdvhv1 Frqvhtxhqwldoo|/ lw lqfuhdvhv wkh
ghwhfwlrq h￿ruw1 Wklv pdnhv wkh wd{sd|hu 0 vwloo hydglqj zlwk fhuwdlqw| 0 wu| kdughu wr frqfhdo klv hydvlrq1 Wkh
ryhu0doo zdvwh lqfuhdvhv zlwk wkh hduqlqjv suredelolw|1 Dw d fhuwdlq ohyho ri wkh hduqlqjv suredelolw| wkh ghwhfwlrq
h￿ruw ri wkh dxwkrulw| lv ehfrplqj vr pdvvlyh wkdw iru wkh wd{sd|hu hydvlrq zlwk fhuwdlqw| qr orqjhu sd|v1 Wkh
htxloleulxp vzlwfkhv iurp sxuh hydvlrq wr wkh k|eulg fdvh1 Wkh kljkhu wkh hduqlqjv suredelolw| ehfrphv wkh
odujhu wkh h{shfwhg uhyhqxh iurp ghwhfwlrq h￿ruw iru wkh dxwkrulw| ehfrphv li lw eholhyhv wkdw lw lv idflqj d
wd{ hydghu1 Wr uhgxfh wkh wd{ lqvshfwru*v eholhi wkdw kh lv idflqj dq hydghu wkh wd{sd|hu uhgxfhv wkh hydvlrq
suredelolw| ￿1 Lq uhwxuq wkh dxwkrulw| uhgxfhv wkh h￿ruw1 Wkh h{shfwhg zdvwh qrz idoov zlwk dq lqfuhdvlqj
suredelolw| wkdw wkh lqfrph vrxufh jhqhudwhv wkh lqfrph1
Iljxuh 6 looxvwudwhv wkh lqwxlwlrq deryh1 Lw vkrzv krz wkh dprxqw ri zdvwh ghshqgv rq wkh hduqlqjv suredelolw|
￿155 Wkh wzr judskv fruuhvsrqg wr wzr gl￿huhqw wd{ udwhv +gdvkhg olqh 17/ vrolg olqh 158,1 Rq wkh ohiw ri wkh
vslnh wkh wd{sd|hu lv hydglqj zlwk fhuwdlqw| +sxuh hydvlrq htxloleulxp,/ zkloh zh kdyh d k|eulg htxloleulxp wr
wkh uljkw zkhuh wkh wd{sd|hu pl{hv ehwzhhq hydvlrq dqg uhsruwlqj wuxwkixoo|1
Lqvhuw ￿jxuh 6 derxw khuh
7 H{whuqdoo| hqirufhg lqfhqwlyh frpsdwlelolw|
Lq wklv vhfwlrq zh frqvlghu d vlwxdwlrq/ zkhuh wkh jryhuqphqw h{whuqdoo| irufhv wkh wd{ dxwkrulw| wr h{huw dv
pxfk h￿ruw dv qhfhvvdu| wr ghwhu wd{ hydvlrq zlwk fhuwdlqw|1 Zh h{dplqh wkh uhvrxufhv uhtxluhg xqghu wklv
uhjlph dqg frpsduh wkhp wr wkh h{shfwhg zdvwh xqghu wkh glvfuhwlrqdu| dxglw uxoh zlwkrxw vxfk dq h{whuqdo
frpplwphqw ghylfh1
54Wkh sdudphwhu vhwwlqjv zhuh + ' Å/ # ' 2*￿c b ' ￿Å/ g ' ￿2/ dqg s ' ￿1
55Wkh sdudphwhu vhwwlqjv duh wkh vdph dv iru wkh suhylrxv ￿jxuh1
46Wkh uhdvrq wkdw lq rxu prgho wkh uhyhodwlrq sulqflsoh grhv qrw krog lv 0 ehvlghv wkh uhvwulfwlrq ri wkh vhw ri
ihdvleoh frqwudfwv 0 wkh idfw wkdw zh gr qrw doorz wkh dxwkrulw| wr frpplw ehiruhkdqg wr d fhuwdlq h￿ruw ohyho
li lw revhuyhv d ghfodudwlrq ri }hur1 Dvvxph wkdw wkh jryhuqphqw h{whuqdoo| hqirufhv dq lqfhqwlyh frpsdwleoh
h￿ruw ohyho xsrq wkh dxwkrulw|1 Wkdw phdqv wkh jryhuqphqw sxwv d odz ru d gluhfwlyh lq sodfh wkdw irufhv wkh
dxwkrulw| wr h{huw dq h￿ruw ohyho iru dq| }hur ghfodudwlrq wkdw pdnhv vxuh wkdw wkh wd{sd|hu dozd|v wuxwkixoo|
uhsruwv klv lqfrph1 Khuh/ lw lv qhfhvvdu| wkdw wklv odz lv frpprq nqrzohgjh1 Rxu dlp lv wr h{dplqh zkhwkhu
vxfk dq h{whuqdo frpplwphqw ghylfh lv vxlwdeoh iru uhgxflqj wkh zdvwhixoo| lqyhvwhg uhvrxufhv1
Ohw ￿ ghqrwh wkh vhw ri doo srvvleoh sdudphwhu frq￿jxudwlrqv1 Ohw # 5 ￿ eh d vshfl￿f sdudphwhu frq￿jxudwlrq1
Vxfk d frq￿jxudwlrq frqwdlqv ydoxhv iru wkh hduqlqjv suredelolw| ￿> wkh wd{ udwh w> wkh hydvlrq rssruwxqlw| $/
wkh frqfhdophqw rssruwxqlw| ￿> dqg wkh srwhqwldo lqfrph |1
Wkhq wkh jryhuqphqw zdqwv wkh dxwkrulw| wr h{huw dq h￿ruw d￿+#>g, vxfk wkdw wkh lqfhqwlyh frqvwudlqw +LF,
iru wkh wd{sd|hu krogv iru hyhu| srvvleoh sdudphwhu frq￿jxudwlrq=
HX +g @ |>|d @ |>d￿+#>|,>h￿, ￿ HX +g @ 3>| @ |d>d￿+#>3,>h, ;h ￿ 3 ;# 5 ￿ +LF,
Wklv mxvw phdqv wkdw wkh h{shfwhg sd|r￿ ri wkh wd{sd|hu li kh hduqhg dq lqfrph frpsrqhqw dqg ghfoduhg lw lv
dw ohdvw dv kljk dv li kh hydghg lw1 Zh gr qrw kdyh wr erwkhu zlwk wkh LF iru wkh fdvh wkh wd{sd|hu glg qrw hduq
wkh lqfrph frpsrqhqw/ vlqfh lw lv d grplqdqw vwudwhj| wr wuxwkixoo| uhsruw }hur/ qr pdwwhu zkdw wkh h￿ruw ri
wkh wd{ dxwkrulw| zloo eh1 Vlqfh zh duh lqwhuhvwhg lq wkh plqlpdo d￿ zh douhdg| nqrz wkh rswlpdo h￿ruw/ lq wkh
fdvh wkdw wkh wd{sd|hu uhsruwv wuxwkixoo| li kh jrw wkh lqfrph/ zklfk kdv wr eh }hur1
d￿+#>|, @ 3 ;# 5 ￿ +56,
Wkh ehvw wkh wd{sd|hu fdq gr li kh lv irufhg wr uhsruw klv hduqhg lqfrph lv wr h{huw qr h￿ruw +h￿ @ 3,1
Wkhuhiruh/ wkh ohiw kdqg vlgh ri +LF, uhgxfhv wr HX+|>|>3>3, @ |+4 ￿ w,1 Zh dovr nqrz iurp rxu suhylrxv
dqdo|vlv wkdw wkh h{shfwhg h{ srvw lqfrph diwhu hydvlrq ghfuhdvhv zlwk wkh dxwkrulwlhv h￿ruw1 Lq rughu wr
plqlpl}h d￿ wkh dxwkrulw| zloo fkrrvh wr pdnh +LF, elqglqj1 Wkhq wkh ehvw d wd{ hydghu fdq gr lv wr fkrrvh d
frqfhdophqw h￿ruw wkdw pd{lpl}hv klv sd|r￿/ jlyhq wkh frpplwphqw h￿ruw ri wkh dxwkrulw|1 +LF, ehfrphv=
|+4 ￿ w, @ HX +3>|>d￿+#>3,>h￿+d￿,, ;# 5 ￿1 +57,
Wr vroyh wklv sureohp iru d￿+#>3, lv vwudljkwiruzdug1 Xvlqj wkh hqyhorsh wkhruhp zh pd{lplvh HX+3>|>￿, zlwk
uhvshfw wr d jlyhq d/ dqg fkrrvh d vxfk wkdw wkh htxdolw| krogv1 Wklv ohdgv wr wkh rswlpdo lqfhqwlyh0frpsdwleoh
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Wkh txhvwlrq lv zkhwkhu wklv h{whuqdo frpplwphqw wkdw ghwhuv wkh wd{sd|hu iurp fkhdwlqj lv jhqhudoo|
uhvrxufh vdylqj1 Wkdw wklv lv qrw wkh fdvh lv hdvlo| vhhq li zh h{suhvv wkh zdvwh lq whupv ri d shufhqwdjh ri wkh
56Khuh wkh wd{sd|hu lv lqgl￿huhqw ehwzhhq hydglqj ru qrw hydglqj1 Zlwk dq lq￿qlwhvlpdo kljkhu h￿ruw ghwhuuhqfh zrxog eh fhuwdlq1
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zklfk lv wkh h￿ruw wkdw lv srlqwohvvo| h{huwhg lq wkh fdvh ri d wuxh lqfrph ghfodudwlrq ri 3 wlphv wkh suredelolw|
wkdw wkh lqfrph lv qrw hduqhg/ glylghg e| wkh h{shfwhg lqfrph1 Zh vhh wkdw Zf whqgv wr lq￿qlw| zkhqhyhu ￿
dssurdfkhv }hur1 Uhfdoo wkh h{shfwhg zdvwh lq rxu qrq0frpplwphqw vfhqdulr/ zkhq iru vpdoo suredelolwlhv d
sxuh hydvlrq htxloleulxp lv sod|hg=
Zqf>( @
+5w ￿ i ￿ ￿ ￿ ￿,
+￿ . ￿,5 . +4 ￿ $,w1
Lq wklv fdvh wkh h{shfwhg shufhqwdjh zdvwh whqgv wr w+4￿$, zkhq ￿ dssurdfkhv }hur1 Wklv vxjjhvwv wkdw wkh
h{whuqdo frpplwphqw pljkw eh qrw d jrrg vroxwlrq iru lqfrph vrxufhv zkhuh wkh hduqlqj suredelolw| lv vpdoo1
Iru kljk hduqlqj suredelolwlhv wklv srolf| pljkw uhgxfh zdvwhg uhvrxufhv1 Wklv lv grfxphqwhg lq wkh vlpxodwlrq
lq ￿jxuh 7/ zkhuh wkh vrolg +gdvkhg, olqh uhsuhvhqwv wkh zdvwh lq wkh qrq0frpplwphqw +frpplwphqw, fdvh1
Lqvhuw ￿jxuh 7 derxw khuh
Wklv uhvxow |lhogv vrph lpsruwdqw srolf| lpsolfdwlrqv1 Wkh suhvhqfh ri d wd{ hydvlrq frqwhvw fdxvhv dq h{wud
zhoiduh orvv1 Wklv orvv frqvlvwv ri wkh uhvrxufhv wkdw duh xqsurgxfwlyho| vshqw rq frqfhdophqw dqg ghwhfwlrq1
Wkh dqdo|vlv deryh surylghv vrph jxlgholqhv krz d jryhuqphqw vkrxog rujdql}h wd{ hqirufhphqw dfwlylwlhv lq
rughu wr nhhs wklv orvv dv vpdoo dv srvvleoh1 Wkh uhjlph dssursuldwh iru lqfrph vrxufhv wkdw duh frpprq wr
prvw flwl}hqv vkrxog eh gl￿huhqw iurp wkh uhjlph iru vrxufhv wkdw jhqhudwh lqfrph iru rqo| ihz shrsoh1 Iru
olnho| lqfrph vrxufhv vxfk dv lqfrph iurp ghshqghqw hpsor|phqw ru lqwhuhvw sd|phqwv rq vdylqjv d uhvrxufh
vdylqj hqirufhphqw srolf| kdv wr jxdudqwhh wkdw wkh frvwv iru frqfhdophqw duh surklelwlyh1 D srolf| wkdw ghwhuv
hydvlrq ri vxfk lqfrph frpsrqhqwv pd| uhgxfh zdvwhg uhvrxufhv hyhq li lw lv h{shqvlyh wr vhw xs vxfk d srolf|1
Wkh lqwxlwlrq lv vwudljkwiruzdug1 Wkh uhvrxufhv vdyhg e| ghwhuulqj wkh pdq| shrsoh wkdw hduq vxfk lqfrph
frpsrqhqwv iurp lqyhvwlqj lq frqfhdophqw pd| rxwzhljk wkh frvwv iru frqgxfwlqj wkh srolf|1 Wklv idfw pd|
eh d uhdvrq zk| lq prvw frxqwulhv wd{hv rq lqfrph iurp ghshqghqw zrun dqg wd{hv rq lqwhuhvw sd|phqwv duh
ghgxfwhg dw vrxufh1 Wklv uhjlph fdxvhv frqvlghudeoh frvwv iru ￿upv/ edqnv/ dqg dxwkrulwlhv/ exw pdnhv hydvlrq
doprvw lpsrvvleoh1
Wkh hqirufhphqw ri wd{hv sdlg rq lqfrph iurp xqolnho| vrxufhv vkrxog frqvlvw ri dxglwv frqgxfwhg e| dq
dxwkrulw| zlwk fhuwdlq glvfuhwlrqdu| srzhuv1 Lq wklv fdvh d uhjlph wkdw holplqdwhv doo hydvlrq lqfhqwlyhv pd|
frvw pruh wkdq lw vdyhv frqfhdophqw frvwv e| ghwhuulqj wkh ihz shrsoh wkdw hduq vxfk lqfrph frpsrqhqwv iurp
hqwhulqj d frqwhvw1
8 H{whqvlrqv iru wkh vljqdolqj vhwwlqj
Lq wklv vhfwlrq zh surylgh vrph h{whqwlrqv lq rughu wr pdnh wkh xqghuo|lqj dvvxpswlrqv pruh uhdolvwlf1 Iluvw/ zh
uhod{ wkh dvvxpswlrq wkdw wkh lqfrph glvwulexwlrq lv glfkrwrprxv1 Zh frqvlghu dq duelwudu| frqwlqxrxv lqfrph
48glvwulexwlrq dqg vkrz wkdw d kljkhu wd{ udwh vwloo lqgxfhv pruh wd{ hydvlrq1 Ilqdoo|/ zh doorz iru wkh fdvh zkhuh
wkh hydvlrq frvwv duh sulydwh lqirupdwlrq1 Wkhq wkh wd{ dxwkrulw| grhv qrw nqrz zkdw w|sh ri wd{sd|hu lw idfhv=
d odz0reh|lqj flwl}hq ru d furrn1 Zh vkrz wkdw rxu uhvxowv frqfhuqlqj wkh lq xhqfh ri wd{ udwh rq hydvlrq
ehkdylrxu dqg zdvwhg uhvrxufhv vwloo krogv1
814 Qrq glfkrwrprxv suredelolw| glvwulexwlrqv
Dvvxpswlrq D5 0 wkh wd{sd|hu pd| kdyh hduqhg dq lqfrph frpsrqhqw ru qrw/ dqg wkh srwhqwldo ydoxh ri wkh
lqfrph frpsrqhqw lv frpprqo| nqrzq 0 lv qrw yhu| uhdolvwlf1 Zh douhdg| dujxhg wkdw lw lv srvvleoh wr uhod{
wklv dvvxpswlrq1 Krzhyhu/ wkh dqdo|vlv jhwv pruh frpsolfdwhg li zh gr vr1 Iru wklv uhdvrq zh mxvw orrn iru
dq htxloleulxp zkhuh wkh wd{sd|hu hydghv zkhqhyhu kh kdv dq dfwxdo lqfrph deryh vrph fxwr￿ lqfrph ohyho1
Vxssrvh wkhuh h{lvwv d frpprqo| nqrzq suredelolw| glvwulexwlrq ryhu srvvleoh ydoxhv ri lqfrphv zlwk ghqvlw|
i+|,1 Ohw wkh vxssruw ri wkh glvwulexwlrq eh erxqghg ehwzhhq 3 dqg ￿ |1 Wr pdnh wklqjv lqwhuhvwlqj zh qhhg
d srvlwlyh suredelolw| wkdw wkh wd{sd|hu kdv qr lqfrph wr ghfoduh157 Iru frqyhqlhqfh zh dvvxph d frqwlqxrxv
glvwulexwlrq ixqfwlrq1 Vr zh dovr kdyh wr dvvxph wkdw ehorz d fhuwdlq wkuhvkrog |3 wkh lqfrph gh mxuh lv wuhdwhg
dv ehlqj }hur158
Wkh vlwxdwlrq wkh wd{ dxwkrulw| idfhv li lw revhuyhv d ghfodudwlrq ri }hur lv wkh iroorzlqj= Lw kdv wr irup d
eholhi derxw wkh suredelolw| wkdw wkh wd{sd|hu lv fkhdwlqj dv zhoo dv dq h{shfwdwlrq ri wkh wuxh lqfrph ri wkh
wd{sd|hu li kh lv fkhdwlqj1 Qrz vxssrvh wkh dxwkrulw| eholhyhv wkdw wkh wd{sd|hu zloo fkhdw zkhqhyhu kh kdv
jrw dq lqfrph kljkhu wkdq d fhuwdlq fxwr￿ lqfrph ohyho a |1 Wkhq wkh suredelolw| ￿h ri idflqj dq hydghu li d
ghfodudwlrq ri 3 lv revhuyhg lv jlyhq e|=
￿h @
4 ￿ I+a |,
4 ￿ I+a |, . I+|3,
= +59,
Frqvhtxhqwo|/ wkh h{shfwhg ghwhfwdeoh lqfrph |h+a |, fdq eh zulwwhq dv=
|h+a |, @ ￿h ￿ H+|m| ￿ a |, @
U ￿ |
a | | ￿ i+|,g|
4 ￿ I+a |, . I+|3,
1 +5:,
Wkh remhfwlyh ixqfwlrq iru wkh wd{ pdq diwhu revhuylqj d }hur lqfrph ghfodudwlrq ehfrphv=
HU+d>h>|h>gmg @ 3, @ i ￿ w ￿ |h ￿ s+d>h, ￿ d1
Wkh remhfwlyh ixqfwlrq iru d wd{sd|hu diwhu hduqlqj vrph lqfrph deryh a | dqg ghfodulqj g @ 3 fdq eh zulwwhq dv=
HX+h>d>|m| ￿ a |, @ | ￿ s+h>d, ￿ i ￿ w ￿ | ￿ f ￿ h ￿ N
Pd{lpl}lqj vlpxowdqhrxvo| zlwk uhvshfw wr wkh fruuhvsrqglqj h￿ruwv ohdgv wr=
d￿ @
i ￿ w ￿ f ￿ |5
h
+4 . f ￿ |h,5 +5;,
h￿ @
i ￿ w ￿ |h
+4 . f ￿ |h,5 +5<,
57Rwkhuzlvh wkhuh zrxog eh qr xqfhuwdlqw| iru wkh dxwkrulw| revhuylqj d ghfodudwlrq ri 3 zkhwkhu lw idfhv d wd{ hydghu ru qrw 1
58Wkh rwkhu srvvlelolw| wr hqvxuh d srvlwlyh suredelolw| ri d }hur wd{ oldelolw| zrxog eh wr xvh d glvwulexwlrq zlwk dq dwrp dw
+ ' f1
49Wkh uhvxowlqj h{shfwhg sd|r￿ iru wkh dxwkrulw| kdv wr eh srvlwlyh wr mxvwli| wkh h￿ruw wr eh rswlpdo1 Dqg lq
idfw/ wklv lv wkh fdvh=
HU+h￿>d￿> a |>gmg @ 3, @
i ￿ w ￿ f5 ￿ |6
h
+4 . f ￿ |h,5 A 31
Wkh h{shfwhg sd|r￿ diwhu hydglqj iru wkh wd{sd|hu lv jlyhq e|=




+4 . f ￿ |h,5
￿
￿ N +63,
Wr ￿qg wkh fxwr￿ lqfrph ohyho wkdw ohdgv wr dq htxloleulxp/ zh kdyh wr ￿qg wkh ydoxh ri | iru wkdw wkh h{shfwhg
sd|r￿ lv htxdo wr wkh sd|r￿ iurp uhsruwlqj wuxwkixoo|1 Ixuwkhupruh/ zh kdyh wr fkhfn wkdw jlyhq wklv fxwr￿
ydoxh hydglqj sd|v iru kljkhu lqfrph ohyhov wkdq a |1 Wkh ohyho+v, ri lqfrph zkhuh wkh sd|0r￿v iru hydglqj dqg




N.+i￿4,w￿a | ￿ 4
f
+64,
Ohw xv dvvxph wkdw wkhuh h{lvwv dw ohdvw rqh a | wkdw vdwlv￿hv wklv htxdwlrq1 Wr vkrz wkdw hydglqj sd|v li dqg
rqo| li | A a | lw lv vx!flhqw wkdw iru wkh jlyhq fxwr￿ lqfrph wkh sd|r￿ iurp hydglqj lqfuhdvhv zlwk wkh dfwxdo
lqfrph |1 Gl￿huhqwldwlqj htxdwlrq 63 dqg vxevwlwxwlqj lq htxdwlrq 64 vkrzv wkdw wklv lv wuxh=
CHX+￿,
C|
@ 4 ￿ w . N@a | A 31 +65,
Ixuwkhu lqyhvwljdwlrq vkrzv wkdw wkhuh h{lvwv dw ohdvw rqh a | vdwlvi|lqj htxdwlrq 64 li wkh lqfrph glvwulexwlrq
lv vxfk wkdw wkh wd{sd|hu hduqv zlwk srvlwlyh suredelolw| dq lqfrph kljkhu wkdq wkh surklelwlyh ￿{hg hydvlrq
frvw/ l1h1 ￿ | A N@w1 Wklv lv fdswxuhg e| wkh iroorzlqj ohppd1
Ohppd 5 Wkhuh h{lvwv dw ohdvw rqh SEH1 Iru ￿ | ? N@w zh kdyh d qrq0hydvlrq/ qrq0h￿ruw htxloleulxp zlwk
g￿ @ |1 Iru ￿ | ￿ N@w zh kdyh dw ohdvw rqh fxwr￿ htxloleulxp zlwk g￿+|m| ? a |, @ | dqg g￿+|m| ￿ a |, @ 31
Surri1 Wkh ￿uvw sduw lv reylrxv1 Li wkh ￿{hg frvw ri hydvlrq lv zhdno| kljkhu wkdq wkh srvvleoh jdlq ri
hydvlrq 0 N ￿ w| ;| 5 ^3> ￿ |` 0 wkhq/ zlwk erwk sod|huv nqrzlqj wklv/ wkh rqo| htxloleulxp lv wkh qrq0hydvlrq/
qrq0h￿ruw htxloleulxp1
Wr surri wkh h{lvwhqfh ri d fxwr￿ htxloleulxp iru N ? w| zh kdyh wr vkrz wkdw wkhuh h{lvwv dw ohdvw rqh
| 5 ^N@w> ￿ |` wkdw vdwlv￿hv htxdwlrq 641 Wr gr wklv zh xvh d vlpsoh ￿{hg srlqw dujxphqw1 Ohw xv ghqrwh wkh uljkw
kdqg vlgh ri htxdwlrq 64 dv j+|,1 |h+|, dqg j+|, duh frqwlqxrxv1 Li zh fdq ￿qg wzr lqfrph ohyhov |3 dqg |33
5 ^N@w> ￿ |` vxfk wkdw j+|3, ? |h+|3, dqg j+|33, ￿ |h+|33, wkh wzr ixqfwlrqv kdyh dw ohdvw rqh lqwhuvhfwlrq dqg dw
ohdvw rqh a | h{lvwv1
Ohw |3 @ N@w> wkhq j+|3, @ 3 ?
￿U ￿ |
N@w | ￿ i+|,g|
￿
@+4 ￿ I+N@w, . I+|3,, @ |h+|3,1 Dovr ohw |33 @ ￿ |1 Wkhq
j+|33, @ ^+w￿ | ￿ N,@+N . +i ￿ 4,w￿ |,`
4@5 @f ￿ 3/ vlqfh ￿ | ￿ N@w dqg i A 41
Zh nqrz wkdw |h+|33, @
￿U ￿ |
￿ | | ￿ i+|,g|
￿
@+I+|3,, @ 3= Lw iroorzv wkdw j+|33, ￿ |h+|33,1 Wklv frqfoxghv wkh surri1
4:Kdylqj hvwdeolvkhg wkh h{lvwhqfh ri dw ohdvw rqh fxwr￿ htxloleulxp lq wkh fdvh ri ￿ | ￿ N@w zh kdyh wr ghdo
zlwk wkh srvvlelolw| ri pxowlsoh fxwr￿ htxloleuld1 Dqg lq idfw/ li zh dsso| wkh Lqwxlwlyh Fulwhulrq ri Fkr dqg
Nuhsv +4<;:,/ zh fdq uxoh rxw doo htxloleuld/ exw wkh rqh zlwk wkh orzhvw a |1
Ohppd 6 Wkh rqo| fxwr￿ SEH vdwlvi|lqj wkh Lqwxlwlyh Fulwhulrq iru vljqdolqj jdphv lv wkh rqh zlwk wkh orzhvw
a |1
Surri1 Wkh Lqwxlwlyh Fulwhulrq uhtxluhv wkdw wkh uhfhlyhu +wkh dxwkrulw| lq rxu fdvh, sxwv d }hur suredelolw|
rq wkh vhqghu +wd{sd|hu, ehlqj w|sh | li wkh vhqw phvvdjh +g, lv htxloleulxp grplqdwhg iru wkdw w|sh1 Vr iru wkh
phvvdjh g @ | htxloleulxp grplqdwlrq lv jlyhq zkhqhyhu wkh htxloleulxp sd|r￿ iurp vhqglqj g @ 3 lv eljjhu
wkdq wkh pd{lpxp sd|r￿ wkh wd{sd|hu fdq dfklhyh iurp vhqglqj g @ |1 Lq rxu qrwdwlrq=
HX￿+gmg @ 3>|, A pd{HX+gmg @ |>|,=
Qrz vxssrvh zh kdyh wzr SEH zlwk fxwr￿ ydoxhv a |o dqg a |k/ zkhuh a |o ? a |k1 Doo wd{sd|huv zkr kdyh dq dfwxdo
lqfrph +duh ri w|sh, | 5 +a |o> a |k, dqg zkr uhsruw wuxwkixoo| +g @ |, hduq wkhlu frpsoldqfh qhw lqfrph1 Vr zh
kdyh pd{HX+gmg @ |>|, @ +4 ￿ w,|1 Exw lq wkh htxloleulxp zlwk fxwr￿ a |o wkh wd{sd|hu uhsruwv g @ 3 iru doo
| 5 +a |o> a |k, dqg uhdol}hv dq h{shfwhg sd|r￿ wkdw lv vwulfwo| kljkhu wkdq +4￿w,|1 Wklv kdv wr eh wkh fdvh/ ehfdxvh
zh nqrz wkdw HX￿+|m| @ a |o, @ +4￿w,| +gxh wr htxloleulxp frqglwlrq 64, dqg wkdw gHX￿@g| A 3 +vhh htxdwlrq
65,1 Wklv phdqv wkdw wkh uhsruw g @ | lv htxloleulxp grplqdwhg iru w|shv | 5 +a |o> a |k,1 Dffruglqj wr wkh Lqwxlwlyh
Fulwhulrq wkh dxwkrulw| vkrxog sxw d srvlwlyh suredelolw| rq wkh wd{sd|hu ehlqj ri w|sh | 5 +a |o> a |k, li kh revhuyhv
g @ 31 Exw iru eholhiv olnh wkdw/ a |k lv qrw d vroxwlrq wr htxloleulxp frqglwlrq +64,1 Wkh htxloleulxp zlwk wkh
kljkhu fxwr￿ ydoxh a |k lv uxohg rxw1 Vlqfh wklv lv wuxh iru dq| wzr SEH fxwr￿ ydoxhv/ rqo| wkh htxloleulxp zlwk
wkh orzhvw fxwr￿ ydoxh vdwlv￿hv wkh Lqwxlwlyh Fulwhulrq1
H{dplqlqj wklv uhpdlqlqj htxloleulxp d elw pruh forvho| zh fdq ￿qg rxw wkdw rxu pdlq uhvxow 0 d kljkhu wd{
udwh ohdgv wr pruh wd{ hydvlrq 0 vwloo krogv1 Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq1
Sursrvlwlrq 6 Li wkh lqfrph lv gudzq iurp d frqwlqxrxv glvwulexwlrq zkhuh wkh suredelolw| wkdw wkh wd{sd|hu
kdv qr lqfrph wkdw lv oldeoh wr wd{ lv srvlwlyh wkh xqltxh fxwr￿ htxloleulxp vdwlvi|lqj wkh Lqwxlwlyh fulwhulrq lv
vxfk wkdw d kljkhu wd{ udwh ohdgv wr pruh h{shfwhg wd{ hydvlrq1
Surri1 Jlyhq rxu htxloleulxp vwudwhj| ri wkh wd{sd|hu +hydgh zkhqhyhu wkh dfwxdo lqfrph lv kljkhu wkdq
wkh fulwlfdo lqfrph, h{ dqwh pruh wd{ hydvlrq lv h{shfwhg zkhq wkh fulwlfdo lqfrph ohyho vlqnv1 Khqfh zh kdyh wr
ghwhuplqh wkh vljq ri ga |@gw1 Zh fdq xvh wkh lpsolflw gh￿qlwlrq ri wkh fxwr￿ lqfrph iurp htxdwlrq 641 Djdlq/
ghqrwh wkh uljkw0kdqg vlgh dv j+a |>w,1 Uhduudqjlqj ohdgv wr
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Frqfhqwudwlqj rq wkh plqlpxp fxwr￿ ydoxh +wr hqvxuh wkh htxloleulxp vdwlvi|lqj wkh Lqwxlwlyh Fulwhulrq, zh
nqrz wkdw a | lv htxdo wr wkh plqlpxp | vroylqj |h+|, ￿ j+|>w, @ 31 Li zh ￿qg d |3 ? a | zkhuh |h+|3, A j+|3>w,/
wkhq zh nqrz wkdw |h+|, lv furvvlqj j+|>w, iurp deryh dw a |1 Wklv zrxog phdq wkdw gj+a |>w,@g| ￿g|h+a |,@g| A 3








Wklv frqfoxghv wkh surri1
815 Sulydwho| nqrzq prudo frvw
Lq wklv fkdswhu vr idu zh pdlqwdlqhg wkh udwkhu uhvwulfwlyh dvvxpswlrq wkdw wkh ￿{hg hydvlrq frvwv +lqfoxglqj wkh
prudo frvw, duh frpprq nqrzohgjh1 Lq wklv vhfwlrq zh doorz iru wkh pruh uhdolvwlf vlwxdwlrq zkhuh wkh dxwkrulw|
grhv qrw nqrz zkdw nlqg ri wd{sd|hu lw idfhv1 Wkh wd{sd|hu pd| eh d furrn zlwk d kljk fulplqdo hqhuj| +l1h1 orz
prudo hydvlrq frvw, ru d odz0delglqj flwl}hq zlwk vfuxsohv derxw fkhdwlqj wkh jryhuqphqw +kljk prudo hydvlrq
frvw,1 Wd{ hydvlrq h{shulphqwv kdyh vkrzq +h1j1 Dqghukxe hw do1/ 5334, wkdw xqghu wkh vdph flufxpvwdqfhv
vrph shrsoh hydgh dqg rwkhuv gr qrw1 Lq Ed|hu dqg Uhlfko +4<<:, wkh hydvlrq ehkdylrxu lv fruuhodwhg zlwk
shuvrqdo glvsrvlwlrqv +vxfk dv hjrlvp hwf1, dqg zlwk dwwlwxghv wrzdugv jryhuqphqw dqg ￿vfdo v|vwhp1
Iru wklv vhfwlrq zh uhwxuq wr rxu lqlwldo dvvxpswlrq wkdw wkh dfwxdo lqfrph lv glfkrwrprxvo| glvwulexwhg
+|d 5 i3>|j,1 Wkh suredelolw| wkdw wkh lqfrph | lv hduqhg lv ghqrwhg e| ￿ rqfh djdlq1 Qrz dvvxph khuh
wkdw wkh ￿{hg hydvlrq frvw 0 lqfoxglqj wkh prudo frvw 0 duh frqwlqxrxvo| glvwulexwhg1 Wkh sulru glvwulexwlrq lv
frpprq nqrzohgjh1 Ohw wkh fxpxodwlyh ghqvlw| ixqfwlrq eh J+N, zlwk N 5 ^N>N`
Ghqrwh wkh wd{ dxwkrulw|*v eholhiv derxw idflqj dq hydghu diwhu kdylqj revhuyhg d ghfodudwlrq ri }hur dv ￿1
Wkhq wkh h{shfwhg lqwhulp sd|r￿ ixqfwlrqv iru wkh wd{sd|hu +HX, dqg iru wkh dxwkrulw| +HU, duh=59




| ￿ s+h>d, ￿ i ￿ w ￿ | ￿ h@￿ ￿ N iru g @ 3





￿ ￿ i ￿ w ￿ | ￿ s+d>h, ￿ d iru g @ 3
w ￿ | ￿ d iru g @ |
Vxssrvh wkhuh h{lvwv d fxwr￿ ydoxh iru wkh ￿{hg hydvlrq frvw a N1 D wd{sd|hu lv krqhvw zkhqhyhu klv uhdol}hg
rssruwxqlw| lv orzhu +N A a N, dqg hydghv iru orzhu ydoxhv ri N1 Wkhq wkh htxloleulxp vwudwhjlhv duh dv iroorzv=5:
59Zh rplw .L iru +@ ' fc vlqfh wklv sduw ri kh htxloleulxp vwd|v wkh vdph1
5:Zh gluhfwo| vwdwh wkh htxloleulxp vwudwhjlhv/ vlqfh dsduw iurp wkh eholhi irupdwlrq wkh ghulydwlrq lv wkh vdph dv lq vhfwlrq 61
4<g￿ @
;
A A A ?
A A A =
3 iru |d @ 3
3 iru N ￿ a N a |d @ |
| iru N A a N a |d @ |
Wkh wd{sd|hu ghfoduhv qr lqfrph li kh kdvq*w hduqhg lw ru li klv vfuxsohv duh vr vpdoo wkdw hydvlrq sd|v1 Kh
wuxwkixoo| uhsruwv | li wkh prudo frvwv duh wrr kljk1 Wkh fruuhvsrqglqj h￿ruwv ghshqglqj rq wkh eholhiv ri wkh
wd{ dxwkrulw|/ zklfk lq htxloleulxp kdyh wr eh frqvlvwhqw zlwk wkh wd{sd|hu*v shufhswlrq/ duh jlyhq e|=5;
h￿ @
;
A A A ?
A A A =
3 iru |d @ 3
￿+ a N,5￿i￿w￿￿
+￿.￿+ a N,,5 iru N ￿ a N a |d @ |
3 iru N A a N a |d @ |
= +66,






3 iru g @ |
￿+ a N,￿i￿w￿￿5
+￿.￿+ a N,,5 iru g @ 3
= +67,
Diwhu ghvfulelqj wkh srvvleoh htxloleulxp ghfodudwlrq dqg h￿ruwv zh kdyh wr lqyhvwljdwh li wkhuh duh frqvlvwhqw
eholhiv wkdw vxssruw vxfk dq htxloleulxp1 Zh xvh wkh htxloleulxp frqfhsw ri d SEH1 Wklv lpsrvhv wkh uhtxluhphqw
wkdw wkh dxwkrulw| xvhv Ed|hv* Uxoh diwhu revhuylqj wkh ghfodudwlrq1 Wkhq wkh eholhi ￿ +ri idflqj dq hydghu diwhu
revhuylqj d ghfodudwlrq ri }hur, kdv wr eh
￿+ a N, @
￿ ￿ J+ a N,
￿ ￿ J+ a N, . 4 ￿ ￿
>
zklfk lv wkh suredelolw| wkdw wkh wd{sd|hu hduqhg wkh lqfrph/ dqg kdv hydvlrq frvwv qrw kljkhu wkdq wkh fxwr￿
ydoxh a N/ qrupdol}hg e| wkh suredelolw| wkdw wkh wd{sd|hu ghfoduhv }hur1 Dqg lq idfw/ zh fdq hvwdeolvk wkdw zh
rewdlq d xqltxh htxloleulxp iru wkhvh eholhiv1
Sursrvlwlrq 7 Iru dssursuldwho| erxqghg hydvlrq frvwv N 5 +N>N, d xqltxh lqwhulru fxwr￿ SEH h{lvwv zkhq
prudo frvwv duh sulydwh lqirupdwlrq1
Surri1 Iru d jlyhq fxwr￿ ydoxh wkh h{shfwhg hydvlrq sd|r￿ lv reylrxvo| ghfuhdvlqj zlwk wkh prudo frvw1
Wklv phdqv wkdw zh kdyh dq htxloleulxp zkhqhyhu zh ￿qg d a N wkdw pdnhv wkh wd{sd|hu lqgl￿huhqw ehwzhhq




g @ 3>h￿+ a N,>d￿+ a N,
￿
@ HX +g @ |>3>3,1
Vxevwlwxwlqj dqg vroylqj iru a N jlyhv=
a N @ w ￿ |
5










5;Qrwh/ wkdw wkh eholhiv qrz dovr ghshqg rq wkh fxwr￿ ydoxh iru g￿




5 ￿ i ￿ w ￿ | ￿ ￿5 ￿ ￿3+ a N,
+￿ . ￿+ a N,,6 ? 3
zlwk
￿3+ a N, @
+4 ￿ ￿, ￿ ￿ ￿ j+ a N,
+4 ￿ ￿ . ￿ ￿ J+ a N,,5 A 31
Wkh ohiw0kdqg vlgh lv frqwlqxrxv dqg lqfuhdvlqj1 Wklv hqvxuhv wkdw iru dssursuldwh N dqg N d vlqjoh lqwhulru
￿{hg srlqw h{lvwv15<
Lpsolflwo| gl￿huhqwldwlqj wkh lpsolflw gh￿qlwlrq ri wkh fxwr￿ ydoxh iurp htxdwlrq 68 whoov xv zkhwkhu pruh ru
ohvv wd{ hydvlrq zloo wdnh sodfh zkhq wkh wd{ udwh ulvhv1 Li wkh fxwr￿ ydoxh lqfuhdvhv/ shrsoh zlwk kljkhu prudo
frvw zloo ehjlq wr hydgh diwhu d wd{ ulvh1 Dqg lq idfw/ kljkhu wd{ udwhv ohdg jhqhudoo| wr pruh hydvlrq163
Sursrvlwlrq 8 Kljkhu wd{ udwhv lq dq lqwhulru fxwr￿ SEH ohdg wr pruh wd{ hydvlrq zkhq prudo frvwv duh sulydwh
lqirupdwlrq1
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Iluvw zh vkrz wkdw wkh qxphudwru lv srvlwlyh1 Iurp rxu dvvxpswlrq N ￿ 3 iroorzv a N ￿ 31 Li wkh qxphudwru
zhuh qhjdwlyh wklv zrxog lpso| d qhjdwlyh a N lq htxdwlrq 68/ vlqfh wkhuh a N lv gh￿qhg dv w wlphv wkh qxphudwru
lq htxdwlrq 691 Wklv lv d frqwudglfwlrq1 Wkh ghqrplqdwru lv reylrxvo| srvlwlyh/ vlqfh C￿+ a N,@C a N dqg doo wkh
sdudphwhuv duh srvlwlyh1
Diwhu kdylqj hvwdeolvkhg wkdw kljkhu wd{ udwhv ohdg wr pruh hydvlrq/ lw lv vwudljkwiruzdug wr vkrz wkdw
kljkhu wd{ udwhv ohdg wr pruh uhvrxufhv h{shfwhg wr eh zdvwhg lq wkh frqwhvw1 Kljkhu wd{ udwhv lqwhqvli| wkh
fryhulqj2ghwhfwlrq frqwhvw/ ehfdxvh pruh lv dw vwdnh1 Wrjhwkhu zlwk pruh vrxufhv ehlqj hydghg/ wklv ohdgv wr
pruh zdvwhg uhvrxufhv1 Wkh iroorzlqj sursrvlwlrq vwdwhv wklv uhvxow1
Sursrvlwlrq 9 Kljkhu wd{ udwhv lq dq lqwhulru fxwr￿ SEH ohdg wr pruh uhvrxufhv zdvwhg lq wkh frqwhvw zkhq
prudo frvw duh sulydwh lqirupdwlrq1
Surri1 Vhh dsshqgl{1
5<L wxuqv rxw wkdw g ￿ |+ / g : |+EÅ 3 sEÅ 3 #2*E# n b￿2￿c dqg g : g duh vx!flhqw iru h{lvwhqfh1 Wkh wzr frqglwlrqv hqvxuh
wkdw hydvlrq sd|v dw ohdvw iru vrph g exw qru iru doo1
63Wkhuh lv rqh lqwhuhvwlqj h{fhswlrq wkdw zh uxohg rxw e| dvvxpswlrq lq wklv fkdswhu1 Li zh doorz iru qhjdwlyh prudo frvw
+sv|fkrorjlfdo judwl￿fdwlrq iurp hydglqj, wkhq iru yhu| kljk ￿qhv wkh h￿hfw ri wkh wd{ udwh rq ￿qhv grplqdwhv/ dqg kljkhu wd{hv
ohdg wr ohvv hydvlrq1
549 Frqfoxvlrq
Rxu pdlq lqwhuhvw lq wklv sdshu zdv wr h{dplqh wkh lpsdfw ri wkh wd{ udwh rq wd{ hydvlrq dqg wkh uhvrxufhv
vshqw rq frqfhdophqw dqg ghwhfwlrq dfwlylwlhv1 Rxu ￿qglqj lv wkdw kljkhu wd{ udwhv ohdg wr pruh wd{ hydvlrq1
Wklv udwkhu lqwxlwlyh uhvxow grhv qrw ohdg shu vh wr dq| srolf| lpsolfdwlrqv edvhg rq zhoiduh frqvlghudwlrqv1 Zh
gr qrw zdqw wr hqwhu wkh glvfxvvlrq derxw wkh uhodwlrqvkls ehwzhhq zhoiduh dqg wd{ hydvlrq/ vlqfh wkh zlgho|
xvhg vwdqgdug phdvxuhv iru zhoiduh gr qrw dsshdu wr eh vx!flhqw wr pdnh d vhqvleoh mxgjhphqw li zh orrn dw
wd{ hydvlrq1 Wkh zhoiduh h￿hfw ri pruh ru ohvv wd{ hydvlrq phdvxuhg e| vrph irup ri vrfldo zhoiduh fulwhulrq
lv kljko| vhqvlwlyh wr wkh fulwhulrq xvhg/ wr dvvxpswlrqv derxw wkh vwdwh wkh hfrqrp| lv lq +glvwruwlrqv/ sxeolf
jrrg surylvlrq hwf1,/ dqg wr dvvxpswlrqv derxw lqglylgxdo suhihuhqfhv164 Wkxv lw vhhpv wr eh uhdvrqdeoh wr edvh
mxgjhphqwv derxw wkh ghvludelolw| ri wd{ hydvlrq rq eurdghu irxqgdwlrqv wkdq wudglwlrqdo zhoiduh hfrqrplfv
grhv1 Zkdw zh fdq vd| lv wkdw li rqh frqvlghuv wd{ hydvlrq dv xqghvludeoh 0 zklfk zh lpsolflwo| gr 0 wkhq orzhu
wd{ udwhv pljkw eh d jrrg srolf| phdvxuh wr uhgxfh lw1
Pruh fohdu0fxw duh wkh frqvhtxhqfhv ri rxu uhvxow wkdw kljkhu lqfrph wd{ udwhv lpso| pruh zdvwhixo lqyhvwphqw
lq lqfrph frqfhdophqw dqg ghwhfwlrq1 Kljkhu wd{ udwhv ohdg 0 ehvlgh d kljkhu h{fhvv exughq 0 wr vrph h{wud
frvw1 Pruh vfdufh uhvrxufhv duh xqsurgxfwlyho| devruehg e| wkh frqwhvw ehwzhhq wd{sd|hu dqg wd{ dxwkrulw|1
Ixuwkhupruh/ rxu prgho surylghv dq dgglwlrqdo lqvljkw lqwr wkh h￿hfwlyhqhvv dqg ghvludelolw| ri phdvxuhv
wr suhyhqw wd{ hydvlrq1 Zh vdz wkdw dq h{whuqdo frpplwphqw ghylfh/ vxfk dv odz ru jryhuqphqwdo gluhfwlyhv/
zklfk irufhv wkh wd{ dxwkrulw| wr pdnh vxuh wkdw qr wd{ hydvlrq wdnhv sodfh/ pljkw qrw eh ghvludeoh iru lqfrph
vrxufhv zklfk uduho| jhqhudwh lqfrph1 Wklv lv gxh wr wkh idfw wkdw wkh ghwhfwlrq uhvrxufhv qhhghg wr lqgxfh
wuxwkixo uhyhodwlrq wkhq ehfrph h{fhvvlyh frpsduhg wr wkh vpdoo vpdoo uhyhqxh froohfwhg1
Dgglwlrqdoo|/ zh fdq surylgh dq h{sodqdwlrq 0 dowkrxjk qrw h{solflwo| sxuvxhg lq wklv fkdswhu 0 zk| lqfuhdvlqj
wkh ￿qhv lv qrw qhfhvvdulo| d fkhds dqg h￿hfwlyh phdvxuh wr ghwhu wd{ hydvlrq1 Kljkhu ￿qhv lqwhqvli| wkh
frqwhvw ehwzhhq wd{sd|hu dqg wd{ dxwkrulw| dqg pd| frqvhtxhqwldoo| ohdg wr pruh zdvwhixoo| lqyhvwhg uhvrxufhv1
Xqvfuxsxorxv fkhdwv zloo qrw uhdfw wr kljkhu ￿qhv zlwk wd{ frpsoldqfh/ exw zloo lqvwhdg vwhs xs wkhlu h￿ruw wr
frqfhdo wkhlu wd{ iudxg1 Wr nhhs xs zlwk wkhp wkh dxwkrulw| kdv wr lqwhqvli| lwv h￿ruwv/ wrr1 Udlvlqj wkh ￿qhv fdq
edfn￿uh hyhq pruh/ li vrph iruphuo| dw ohdvw sduwo| krqhvw flwl}hqv shufhlyh wklv dv xqidlu1 Wkh glvvdwlvidfwlrq
fdxvhg pd| uhgxfh vfuxsohv dqg frqvhtxhqwo| prudo hydvlrq frvwv1 Iru wklv jurxs ri wd{sd|huv wkh dqjhu h￿hfw
fdq srvvleo| frpshqvdwh iru wkh ghwhuuhqfh h￿hfw ri kljkhu ￿qhv1 Vr lw lv qrw fohdu dw doo wkdw lqfuhdvlqj wkh
￿qhv zloo uhgxfh wd{ hydvlrq/ zkloh vxfk d srolf| uxqv wkh ulvn wr lqfuhdvh wkh zdvwhg uhvrxufhv1 Wklv dggv wr
wkh qrq0hfrqrplf dujxphqw wkdw wkh sulqflsoh ri sursruwlrqdolw| ehwzhhq fulph dqg ￿qh vkrxog eh pdlqwdlqhg1
Dowkrxjk zh kdyh qrw irupdoo| prghoohg lw/ lw lv vwudljkwiruzdug wkdw uhgxflqj rssruwxqlwlhv iru hydvlrq dqg
frqfhdophqw lv d vhqvleoh vwudwhj| iru uhgxflqj wd{ hydvlrq dqg zdvwh1 Wkhuh duh qxphurxv uhdo zruog h{dpsohv
ri jryhuqphqwv wu|lqj wr uhgxfh wkhvh rssruwxqlwlhv1 Wd{dwlrq dw vrxufh uhgxfhv hydvlrq rssruwxqlwlhv/ zkloh
wkh edqnv* gxw| wr uhsruw kljk sd|0lqv lq fdvk uhgxfhv frqfhdophqw rssruwxqlwlhv1 Zh vhh lq rxu prgho wkdw
orzhu frqfhdophqw rssruwxqlwlhv duh pruh h￿hfwlyh lq uhgxflqj wkh zdvwh/ zkloh vpdoo hydvlrq rssruwxqlwlhv
64D ghwdlohg glvfxvvlrq fdq eh irxqg lq Frzhoo +4<<3,/ fkdswhu :1
55frqwuro wkh h{whqg ri hydvlrq pruh h￿hfwlyho|1
Ilqdoo|/ qrwh wkdw doo wkh lq xhqfh idfwruv rq wd{ hydvlrq nqrzq iurp hfrqrplf sv|fkrorj| +vxevxphg xqghu
dwwlwxghv wrzdugv wd{ v|vwhp/ jryhuqphqw dqg dxwkrulw|, sod| d uroh lq rxu prgho1 Vxfk dwwlwxghv pd| eh wkh
pdlq lq xhqfh rq wkh prudo frvw ri hydvlrq +frqwdlqhg lq wkh ￿{hg hydvlrq frvw,1 Glvvdwlvidfwlrq uhgxfhv wkh
vfuxsohv +khqfh wkh prudo frvw, ri hydvlrq1 Vr/ ehvlgh wkh whfkqlfdo phdqv/ d wd{ v|vwhp wkdw lv frqfhlyhg dv
idlu/ h!flhqw h{shqglwxuh srolf|/ dqg d jrrg jryhuqphqw shuirupdqfh pd| h￿hfwlyho| ghwhu wd{ hydvlrq/ dv zhoo
dv uhgxfhg rssruwxqlwlhv ru orz wd{ udwhv1
Uhihuhqfhv
Doolqjkdp/ P1 dqg Vdqgpr/ D1= 4<:5/ Lqfrph wd{ hydvlrq= d wkhruhwlfdo dqdo|vlv/ Mrxuqdo ri Sxeolf Hfrqrplfv
4/ 656￿66;1
Dqghukxe/ Y1/ Jlhvh/ V1/ Jxhwk/ Z1/ Kr￿pdqq/ D1 dqg Rwwr/ W1= 5334/ Wd{ hyvlrq zlwk hduqhg lqfrph dqg
ydu|lqj wd{ udwh 0 dq h{shulphqwdo vwxg|/ plphr/ Kxerogw0Xqlyhuvlw| Ehuolq1
Edurq/ G1 dqg P|huvrq/ U1= 4<;5/ Uhjxodwlqj d prqrsrolvw zlwk xqnqrzq frvw/ Hfrqrphwulfd 83/ <44￿<631
Ed|hu/ U10F1= 5335/ Lqfrph wd{ hydvlrq/ rssruwxqlwlhv/ dqg hydvlrq frvwv/ iruwkfrpplqj 1
Ed|hu/ U10F1 dqg Uhlfko/ Q1= 4<<:/ Hlq Yhukdowhqvprgho }xu Vwhxhuklqwhu}lhkxqj/ Gxqfnhu xqg Kxpeorw/ Ehuolq1
Erughu/ N1 dqg Vreho/ M1= 4<;:/ Vdpxudl dffrxqwdqw= D wkhru| ri dxglwlqj dqg soxqghu/ Uhylhz ri Hfrqrplf
Vwxglhv 87/ 858￿8731
Fkdqghu/ S1 dqg Zlogh/ O1 O1= 4<<;/ D jhqhudo fkdudfwhul}dwlrq ri rswlpdo lqfrph wd{ hqirufhphqw/ Uhylhz ri
Hfrqrplf Vwxglhv 98/ 498￿4;61
Fkr/ L1 N1 dqg Nuhsv/ G1= 4<;:/ Vljqdoolqj jdphv dqg vwdeoh htxloleuld/ Txdwhuo| Mrxuqdo ri Hfrqrplfv 435/ 4:<￿
5551
Frzhoo/ I1 D1= 4<<3/ Fkhdwlqj wkh Jryhuqphqw/ Wkh PLW Suhvv/ Fdpeulgjh/ Pdvvdfkxvhwwv1
Fuhphu/ K1 dqg Jdkydul/ I1= 4<<7/ Wd{ hydvlrq/ frqfhdophqw dqg wkh rswlpdo olqhdu lqfrph wd{/ Wkh Vfdqgl0
qdyldq Mrxuqdo ri Hfrqrplfv <9/ 54<￿56<1
Iudq}rql/ O1 D1= 4<<</ Wd{ hydvlrq dqg wd{ frpsoldqfh/ lq E1 Erxfndhuw dqg J1 Gh Jhhvw +hgv,/ Hqf|forsdhgld
ri Odz dqg Hfrqrplfv/ ss1 85￿<71
Judhw}/ P1 M1/ Uhlqjdqxp/ M1 I1 dqg Zlogh/ O1 O1= 4<;9/ Wkh wd{ frpsoldqfh jdph= Wrzdugv dq lqwhudfwlyh
wkhru| ri odz hqirufhphqw/ Mrxuqdo ri Odz/ Hfrqrplfv/ dqg Rujdql}dwlrq 5/ 4￿651
LUV= 4<;6/ Lqfrph Wd{ Frpsoldqfh Uhvhdufk= Hvwlpdwhv iru 4<:604<;4/ Lqwhuqdo Uhyhqxh Vhuylfh/ Zdvklqjwrq/
GF1
56Nkdolo/ I1= 4<<:/ Dxglwlqj zlwkrxw frpplwphqw/ UDQG Mrxuqdo ri Hfrqrplfv 5;+7,/ 95<￿9731
Pdfkr0Vwdgohu/ L1 dqg Shuh}0Fdvwuloor/ M1 G1= 4<<:/ Rswlpdo dxglwlqj zlwk khwhurjhqhrxv lqfrph vrxufhv/ Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz 6;+7,/ <84￿<9;1
Prrnkhumhh/ G1 dqg Sqj/ L1 S1 O1= 4<;</ Rswlpdo dxglwlqj/ lqvxudqfh dqg uhglvwulexwlrq/ Txduwhuo| Mrxuqdo ri
Hfrqrplfv 437/ 6<<￿7481
Prrnkhumhh/ G1 dqg Sqj/ L1 S1 O1= 4<<3/ Hqirufhphqw frvwv dqg wkh rswlpdo surjuhvvlylw| ri lqfrph wd{hv/
Mrxuqdo ri Odz/ Hfrqrplfv/ Rujdql}dwlrq 9+5,/ 744￿7641
Uhlqjdqxp/ M1 I1 dqg Zlogh/ O1 O1= 4<;8/ Lqfrph wd{ frpsoldqfh lq d sulqflsdo0djhqw iudphzrun/ Mrxuqdo ri
Sxeolf Hfrqrplfv 59/ 4￿4;1
Uhlqjdqxp/ M1 I1 dqg Zlogh/ O1 O1= 4<;9/ Htxloleulxp yhul￿fdwlrq dqg uhsruwlqj srolflhv lq d prgho ri wd{
frpsoldqfh/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz 5:/ :6<￿:931
\lw}kdnl/ V1= 4<:7/ Lqfrph wd{ hydvlrq= d qrwh/ Mrxuqdo ri Sxeolf Hfrqrplfv 6/ 534￿5351
D Surriv ri vrph sursrvlwlrqv
Wklv dsshqgl{ frqwdlqv surriv iru sursrvlwlrqv lq wkh pdlq wh{w ri wkh sdshu1
D14 Sursrvlwlrq 4
Surri1 Lw lv vx!flhqw wr vkrz wkdw wkh suredelolw| ri fkhdwlqj ￿￿ lq wkh k|eulg htxloleulxp lqfuhdvhv zlwk w
dqg wkdw vrph lqfrph vrxufhv wkdw suhylrxvo| zhuh uhsruwhg zlwk srvlwlyh suredelolw| duh hydghg zlwk d kljkhu
suredelolw| dv w ulvhv1 Qrwh= Wklv dovr hqvxuhv wkdw dq lqfrph wkdw zdv suhylrxvo| hydghg zlwk fhuwdlqw| zloo
eh hydghg zlwk fhuwdlqw| diwhu wkh wd{ ulvh1 Ixuwkhupruh/ dq lqfrph vrxufh wkdw kdv ehhq hydghg zlwk srvlwlyh
suredelolw| zloo qhyhu eh ghfoduhg zlwk fhuwdlqw|/ vlqfh wkh frqglwlrq iru wkh sxuh qrq hydvlrq htxloleulxp lv
$+w, ￿ 3 dqg $+w3, A $+w, iru w3 A w1
Wr vkrz wkdw ￿￿ lv ulvlqj zlwk w zh xvh htxdwlrq 531 Vlqfh g￿￿@gw @ g￿￿@g$ ￿ gz@gw dqg gz@gw @ N@w5| A















Vlqfh wkh ￿qh sdudphwhu i A 4 dqg wkh hydvlrq rssruwxqlw| $ ￿ 4 wkh ghulydwlyh lv qhfhvvdulo| uhdo1 Vlqfh
3 ? ￿ ? 4> wkh ghulydwlyh lv srvlwlyh1
Wkh frqglwlrq iru d wd{sd|hu mxvw wr sod| d k|eulg htxloleulxp zdv $+w3, @ ￿ ￿ i+5￿ . ￿,@+￿ . ￿,5 ￿ %1 D
fkdqjh ri wkh wd{ udwh grhv qrw h￿hfw wkh uljkw kdqg vlgh ri wklv htxdwlrq1 Wkh fkdqjh rq wkh ohiw kdqg vlgh lv
g$@gw @ N@w|51 Lw iroorzv $+w3, A ￿ ￿ i+4 . 5￿,@+4 . ￿,5 ￿ % li w3 A w3 dqg N A 31 Wklv phdqv wkdw iru vrph
57lqfrph vrxufhv wd{sd|huv fkdqjh iurp wkh k|eulg htxloleulxp wr wkh sxuh hydvlrq htxloleulxp dv wkh wd{ udwh
ulvhv1
D15 Sursrvlwlrq 5
Surri1 Wkh surri frqvlvwv ri wkuhh vwhsv= Iluvwo| +d,/ zh vkrz wkdw dq lqfuhdvh lq wkh wd{ udwh lqfuhdvhv wkh
zdvwh iru sdudphwhu frq￿jxudwlrqv wkdw ohdg wr d k|eulg htxloleulxp1 Wkhq zh gr wkh vdph iru wkh sxuh vwudwhj|
htxloleulxp +e,1 Wr frqfoxgh wkh surri lw zloo eh vx!flhqw wr vkrz wkdw wkh zdvwh ixqfwlrq lv frqwlqxrxv dw wkh
srlqw zkhuh wkh k|eulg htxloleulxp ehfrphv d sxuh hydvlrq htxloleulxp +f,1 Qrwh= Iru dq lqfrph frpsrqhqw
zkhuh ehiruh dqg diwhu wkh wd{ ulvh d sxuh qrq0hydvlrq htxloleulxp zdv sod|hg +$+w,> $+w3, ￿ 3, wkh zdvwh uhpdlqv
}hur1
+d, Zh fdq zulwh wkh h{shfwhg zdvwh lq wkh k|eulg htxloleulxp dv Z @ d￿+￿￿￿ . 4 ￿ ￿, . +fh￿ . N,￿￿￿/
















Li g￿￿@gw> gd￿@gw/ dqg gh￿@gw duh srvlwlyh wkhq gZ@gw lv srvlwlyh/ wrr1 Lq wkh suhylrxv surri zh vkrzhg wkdw
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Vlqfh zh fdqqrw ghwhuplqh wkh vljq joredoo|/ zh kdyh wr orrn rq wkh ydoxhv iru w wkdw duh uhohydqw iru wkh k|eulg
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+i ￿ 4 . N
w|,+N . +i ￿ 4,w|,
A 3 iru N A 3>
vlqfh i A 4 e| frqvwuxfwlrq1
Wr ￿qlvk sduw +d, zh mxvw kdyh wr pdnh vxuh wkdw gh￿@gw A 31 Khuh/ lw lv frqyhqlhqw wr xvh htxdwlrq 55/ dqg
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65eW dqg @W duh wr eh xqghuvwrrg dv wkh htxloleulxp h￿ruwv lq wkh fdvh wkdw wkh lqfrph lv hduqhg dqg hydghg1 Wr vlpsoli| wkh
qrwdwlrq zh gurs wkh vxevfulsw ￿1




+i ￿ $, A 4 iru $ 5 +3>4, wkh whup lq eudfnhwv/ dqg dovr gh￿@gw A 3
iru wkh uhohydqw udqjh ri wkh hydvlrq rssruwxqlw| $1




+iurp htxdwlrq 48 dqg 49,/ zklfk reylrxvo| lqfuhdvhv zlwk w1










zklfk lv wkh pd{lpxp w iru wkdw d k|eulg hydvlrq htxloleulxp lv rewdlqhg1 Li lw grhv qrw h{lvw wkhq wkh
sdudphwhuv gr qrw doorz iru d k|eulg htxloleulxp/ dqg zh gr qrw kdyh wr fkhfn iru frqwlqxlw|1 Wr vkrz wkdw wkh
zdvwh ixqfwlrq lv frqwlqxrxv dw a w/ zkhuh wkh k|eulg htxloleulxp ehfrphv d sxuh hydvlrq htxloleulxp/ zh kdyh wr
vkrz wkdw
Zs+a w, @ olp
w￿Aa w. Zk+w,1






s+a w, @ +￿ ￿ olp






w￿Aa w. ￿￿+w, ￿ olp
w￿Aa w. h￿
k+w,1
Wkh frqglwlrq deryh lv reylrxvo| ixo￿oohg li
olp
w￿Aa w. ￿￿+w, @ 4/ olp
w￿Aa w. d￿
k+w, @ d￿




Xvlqj wkh gh￿qlwlrq ri ￿￿ iurp htxdwlrq 53/ uhsodflqj $ e| 4￿N@w|/ dqg wdnlqj wkh uljkw0kdqg olplw dw a w ohdgv
wr
olp

















Xvlqj wkh gh￿qlwlrqv ri wkh sxuh hydvlrq htxloleulxp h￿ruwv iurp htxdwlrqv 48 dqg 49/ h{suhvvlqj f dv 4@￿/
dqg vxevwlwxwlqj a w jlyhv=
d￿
s+a w, @
i ￿ ￿ ￿ ￿
5 ￿ N




i ￿ ￿5 ￿ ￿ ￿ N
￿5 . 5 ￿ ￿ ￿ ￿+i ￿ 4, . ￿
5+i ￿ 4,
1
Wdnlqj wkh olplwv ri d￿
k+w, dqg h￿
k+w, dw a w lq htxdwlrqv 54 dqg 55 +nqrzlqj wkdw olp
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5
+￿ . ￿,5 @ h￿
s+a w,>
li a w iurp htxdwlrq 4: lv soxjjhg lq1 Wklv frqfoxghv wkh surri1
59D16 Sursrvlwlrq 9
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zklfk lv wkh suredelolw| wkdw wkh wd{ dxwkrulw| revhuyhv d ghfodudwlrq ri 3 wlphv wkh fruuhvsrqglqj h￿ruw soxv
wkh suredelolw| wkdw wkh wd{sd|hu kdv wkh lqfrph dqg hydghv/ pxowlsolhg e| wkh fryhulqj h￿ruw lq wkdw fdvh1
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lv srvlwlyh dv d ghqvlw| ixqfwlrq/ zkloh zh hvwdeolvkhg C a N+w,@Cw A 3 lq sursrvlwlrq



















Lw uhpdlqv wr eh fkhfnhg zkhwkhu wkh h￿ruw ri wkh dxwkrulw| lqfuhdvhv zlwk w=
C
Cw
d￿ @ i ￿ | ￿ ￿+w, ￿



















Iljxuh 4= Sdudphwhu frq￿jxudwlrqv iru sxuh hydvlrq dqg k|eulg htxloleuld







alpha, waste in %
Iljxuh 5= Hydvlrq suredelolw| dqg zdvwh shfhqwdjh iru gl￿huhqw wd{ udwhv










Iljxuh 6= Zdvwh shufhqwdjh iru gl￿huhqw hduqlqj suredelolwlhv







Iljxuh 7= Zdvwh shufhqwdjhv iru wkh frpplwphqw dqg qrq0frpplwphqw fdvh
5<